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INTRODUCTION 


In the last several years, functional differential 
equations (FDE) have found widespread applications in several 
areas of science, engineering and social sciences like economics. 
There is indeed a large literature already existing in this 
area with several vjell-knovm texts and mo no graphs -Hale L 3 6 J, 
Halanay L 30 ]. Driver L 26 ], Bellman and Cooke L 1 ] etc. 

Just as in the theory of differential equations, for FDE also 
initial value problems, boundary value problems and qualitative 
theory form major areas of research. The boundary value problems 
for FDE and in particular for delay differential equations had 
been the subject of study of many. See Halanay L 30 ]. The 
problem of periodic solutions had been even more intensively 
studied by Perello L S3 ], Halanay L 31 ], Hale [33 ], 

Mawhin [ 48 ] , 

There are several methods of dealing with boundary value 
problems, mostly based on fixed point theory, Leray-Schauder 
degree, monotone operator theory besides some particular methods. 
Another approach under the name of alternative method due to 
Lyapunov-Schmidt L 46,55 ] put into a functional analytic 
framework by Cesari L 8 ] has been recently very popular and has 
found wide applications in several types of boundary value 
problems. Its greatest merit lies in its capacity to deal with 
problems at pesonance-See Cesari L 13,14 ]. The basic features 
of this method as developed in the works of Cesari L 8,9,11-14 3, 



2 


Knoblock [42 ], Locker L 44,45 ], Hale, Bancroft and Sweet 
L 34 ], Cesari and Kannan L 10,15 ], Osborne and Sather L 52 ] 
and others is as follows, (A detailed bibliography of related 
results is available in Cesari L 16 ] ), 

Let Lx = Nx, X s D(L ) A D(n) denote an operator 
equation. The main idea is to split the given problem by use 
of projections and partial inverse maps into a system of two 
different equations possibly in different spaces, one of which 
is called the auxiliary equation, and the other the bifurcation 
equation. Whenever the auxiliary equation can be solved by 
the general theorems of functional analysis, the original 
problem essentially reduces to solving an operator equation in 
a finite dimensional space. The latter is more amenable to 
solution by algebraic methods or Brouwer degree for existence 
purposes under certain sol viability conditions. 

The motivation for this thesis arose from the possibility 
of developing or applying as such the alternative method to 
FDE. This we do when v/e solve the Van der Pol equation in 
Chapter 2 and the single species model for the population 
growth in the third chapter. Earlier several attempts have 
been made to use the method of alternative in some form or 
other to FDE, 

In his paper, Perello L 53 ] considers functional 
differential equations of the type 


x'(t) = ^ N(t,x^,t.) 


( 0 . 1 ) 
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where Li(Gf) is linear in <3 and N(t,0 ', m) is a perturbation term 
which for small 3 and is small relative to bhe linear part. 

If NCt/QC, m) is periodic in t, Perello gives the necessary 
and sufficient alternative formulation for the existence of 
a T-periodic solution of (0.1 ) which in the first approximation 
reduces to a T-periodic solution of the linear equation. The 
theory represents an extension to delay equations in function 
space setting of the method used by Cesari and Hale for 
ordinary differential equations. The problem associated V 7 ith 
this method is the nonavailability of the form of the partial 
inverse operator for the operator L. 

In his paper, Mawhin L 48 ] also studies the existence 
of periodic solutions of nonlinear PDE. He uses the method 
of alternative where L consists of the highest order ordinary 
differential operator. In the application of the method of 
alternative to FDE, Das and Venkatesulu L 23 ] took L to be 
the linear part of the ordinary differential operator. In 
Mawhin, the linear part consists of a simple first order 
differential operator v/hereas Das and Venkatesulu allowed a 
more general form of differential operator. 

In his book on population dynamics, Volterra L 57 ] 
proposes a system of equations which accounts for possible lag 
effects in the interaction of the species. This he does by 
considering the system 

N' = N. (b.-d . N. (t-s)k. .(s)ds + d. N . ( t-s )k. . ( s )ds ) 

1 X i XX o J ij ^ J 
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for where = N^(t) denotes the population 

size of the species at time t ani the 

• • . 

interaction coefficient measuring the effect of the j ' species 

upon the growth rate of the i"*^^' species. 

A delay sometimes causes oscillatory behavior. These 
oscillations can be either susbained or otherwise depending on 
the significance of the delay compared to other parameters 
in the model. The latter possibility oi: sustained/ periodic 
oscillations around an equilibrium has been studied by several 
authors beginning with the early work of Wright L 59 ], 

Kakutani and Markus L -iO ]/ on the single lag logistic modul 
and continuing with the more recent work of Nussbaum L 51 ]« 

In his paper/ Cushing [ 21 ] demonstrates the existence 
of non-constant periodic solutions of the general single-species 
model of the type 

CO 

x'Ct) = -Aj^x(t) - “0 ^^t-s)dh(s; -r y Cx / /\^//^2 

where and ^2 parameters. 

In the present thesis, as an example for the theory 
developed in Chapter 3, we take up this equation and demonstrate 
the existence of a periodic solution via the alternative method. 

Mostly in the theory of PDE, one writes the solution 
depending on the initial function through an evolution operator 
and under various conditions sets out to prove that this operator 

r 

satisfies the boundary conditions L 28,29/53,56 J. This v^Jcy 
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one gets a solution which is continuous at the initial 
point. It is all the same possible to approach these equations 
as the usual ordinary differential equations where the right 
hand side function is to be suitably determined in an initial 
interval in such a way that the functional boundary conditions 
are satisfied by the solution. This approach was adopted in 
a paper by Das and Venkatesulu L 23 ] dealing with periodic 
solutions of FDE. 

Within this general framework# the method adopted in 
proving the existence of solutions to the boundary value 
problem is the method of alternative which has evolved to be 
a useful tool in recent years. Most of the results where 
alternative method was used for solutions of boundary value 
problems have dealt with linear boundary conditions except 
L 25 ] where a slight deviation from the standard formulation 
of the abstract problem from the concrete boundary value 
problem turned out to be crucial. The variation of the same 
approach is adopted in the first chapter of the present thesis 
in order to treat nonlinear boundary conditions. 

We have taken an equation of the type 
Tx = x' - A(t}x = X(t#x^). 

Zx = Mx^ - ®^b* 

over the interval J = [ a#b ] where A(t) is an nxn matrix 
function composed of functions on J. M s D(M)S:S^-^ R(M)S„S^/ 
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is a densely defined closed linear operator with closed range, 

= L"L -v,Q ] > B i DCb)";, ** R(B) is an operator 

not necessarily linear > X is a nonlinear functional. We 

denote by L the operator Lx = Cx and by H, the partial inverse 

operator for L. We define certain projection operators and 

Q and study their relations with L and H. Similarly, we 
“^1 

define projections and Q' and study their relations with 
M and F (F being the partial inverse for the boundary operator 
M), We convert the given equation into a fixed point problem 
for the operator T given by 

Tx = X + H(I-Q^)G *(x). 

m g 

We use the contraction mapping principle to get a fixed point 
of T and the degree theory to solve the bifurcation equation. 

As an example for the theory developed in Chapter One, 
we have proved in Chapter Two, the existence of a solution to 
the following Van der Pol equation with periodic boundary 
conditions 

y' ^ +a(i-y2)y' = 3(y(t-l/4) + sin 2nt ) |cci < 0.1, i3i < 0.1 

y(0) = y(l) y' (O) = y"(l ). 

In the third chapter v/e consider abstract, operational 
equations of the form Lx = ^x and Lx + ctAx = Nx where 
L s D(L) - X ■* Y, N J D(N) y. X ^ Y, A i X ^ Y are operators, 

L linear, not necessarily bounded, N and A continuous not 
necessarily linear, X and Y Banach spaces and a a real 
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parameter. We prove in terms of the aiternative method and 
the Leray Schauder topological degree that under certain 
assumptions on N and A, there exist solutions to Lx = Nx 
and Lx + aAx = Nx for icci < for some O and moreover 

the solutions remain uniformly bounded as ct, is allowed to 
pass through the point of resonance a= 0. The conditions 
are easily comparable with the conditions imposed by Cesari, 

We have defined as in the previous chapter, projections, 
P, Q and partial inverse operator H satisfying the usual 
Cesari-type conditions. In the first theorem we consider 
the case Lx = Nx when | | Nxl | < J^, In the second theorem, 

N is allowed to have a limited growth. The third and fourth 
theorems deal with the equation Lx + ccAx = Nx again when 
N is bounded and when N has limited growth. In each of these 
cases we convert the given equation into a fixed point problem 
and apply the Leray-Schauder degree theory. 

In the final chapter, we give an alternative approach 
to the problem of periodicity of solution of a class of PDE 
by considering a domain space which has some extra property 
other than the ones usually demanded in the literature. This 
makes the PDE amenable to some of the methods developed earlier. 



CHAPTER - 1 


Several authors starting with Perello L 53 ] have 
used the method of alternative for establishing the existence 
of solutions of boundary value problems of PDE, But the 
function space approach through the evolution operators 
naturally meets with difficulties in getting the partial 
inverse of L. So Mawhin L 48 ] and Das and Venkatesulu L 23 ] 
have tried to treat boundary value problem for EDE in the 
particular case of periodic boundary conditions as simply 
ordinary differential equations where the right hand side 
function is defined through suitable extension of the left of 
the initial interval. In most of the literature the boundary 
conditions are taken as linear except Mawhin L 48 3 and 
Venkatesulu L 59 ]. Here v/e deal with FDE with nonlinear 
boundary conditions. 

But in the present work unlike the above authors, we 
introduce another set of projection operators for the boundary 
operators in order to deal with the nonlinearity of the 
boundary conditions. In the case of boundary value problem 
for FDE this helps us to define the extension of the operator 
in a suitable way. Before stating the problem precisely we 
introduce some notations. 

1 . Notations s 

Let J denote a closed interval L a,b ] where b > a. 

= [ ~-v,0 ] where 0 < v <. b-a. For a function y defined 
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on the reel line denotes the derivative of y. C^(j) 

denotes the space of all m times continuously differentiable 
real valued functions on J rind C^^(J) denotes the space of all 
functions x = (x^/.../X^) represented through a column 
vector with components belonging to c’^(j). For any function 
X on L a-2-tb ]/ the function x^ is defined by x^(0 ) = x(t-!-0)/ 

9 G J]_ for tG L^La/b] denotes the real Hilbert space 

of all square integrable real -valued functions on J. 

S = L^La/b], the real Hilbert space of all square integrable 
functions x = (x^^/X^# . . . /X^^) on J each of whose components 
belongs to L'^La/bJ, 

The usual inner product and norm in S are denoted 

through ( . , . ) and | i , i | respectively. I denotes the identity 

operator on S. S denotes set of all functions belonging to S 

which are essentially bounded. The function b- on S is defined 

by /i(x) = max ess sup | x. | , x G S. Similarly S^=L^l-v#o] 

i-=l/ 2 / • . • n 

and (. and | | • I I ]_ denote the inner product and norm 
respectively in S^. denotes the identity operator on 

denotes the set of all functions in which are essentially 
bounded. The function on is defined by 

M,(g) = max ess sup ig^. | , g G H(j} denotes the 

1 / • • • # n 

space of all absolutely continuous functions x on J with 
derivative x^^ ^ G S. J ) denotes the space of all functions 

of H(J) vanishing at both the end points t = a and t = b. 

For an operator T/ D(T)/ N(T), and R(t) denote the domain/ 
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the null space and the range of T, respectively. For an 
operator T, T* denotes the adjoint of T provided the adjoint 
exists. denotes the linear span of the vectors 

I 

For a set E C: S/ E~ denotes the orthogonal 
complement of E in S. Finally^ denotes the n- dimensional 

real space with the usual Euclidean norm I . I . 

2. Formulation of the problem : 

We consider the following system of n first order 
nonlinear functional differential equations with sufficiently 
general boundary conditions. 

tx = x^^^ - A(t)x = X(t/X^) (l.i) 

Zx = Mx^ - Bx, = 0 . ( 1 . 2 ) 

over the interval J = La^b], where A(t) is an nxn matrix 
function composed of functions on J. We assume the 

following. 

(i) X(t,g} L = (X^(t,g),...,X^(t,g)) - coltmn vector ] 
is defined for t e J and g G with h^(g) < R where R > 0 

is a real number. 

(ii) X(.,g) 6 S for each fixed g. 

(iii) There exist real numbers 0 (i = l/ 2 *..\«/n) 

such that 

IX. (t,g* } - X. (t,g** )1< K.( S S ig*(e.)-g**(0 .) 

^ ^ j=l .1=1 " ^ ^ 

t e J (1.3 ) 



where 0^/8 S and g = (g^, . . . / g^^)- column vector, 

(iv) M i D(m) 'is. is a densely defined 

closed linear operator with closed range. Null spaces of M 
and M* are of finite dimensions and the dimension of niiLl 
space of M is greater than (or equal to) the dimension of null 
space of M* , 

(v) B i D(B) C S^-* R(B)^ is an operator (not 
necessarily linear) with domain D(B) of N defined by 

D(B) = {g e lhj_(g)< } and R(B) s'^. 

(v) There exists constant K > 0 such that 

I 1 Bg * - Bg ** I t ^ < K 1 1 g -g ** 1 . (1,4) 

With the above assumptions# we shall establish the 
existence of a solution to the problem (1.1)-(1,2), 

3. Operator L and some related properties s 

We define the operator L : D(L ) ^ S -* R(L) O S by 

D(L) = H(J)# Lx = tx. (1.5) 

L possesses the following well-known properties s 

(i) D(l) is dense in S, 

(ii) L is a closed linear operator 

(iii) R(L) is closed in S. In fact R(L) = S, 

(iv) dim N(L) = n and dim N(L* ) = 0, 

■» 

Proofs of (i)# (ii) and (iv) are well known and we 
can refer to L 3 ]. Proof of (iii) follows from lemma 1.2* to 


appear 
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Choose functions G C^{a) to form an 

orthohormal basis for Ntb) (SeeLl? ] or L 35 ] ). We observe 

JL 

that the restriction Of t to th'e subspace D(L)An(L) is 
a 1-1 closed linear Operator with closed tange. Hence by 

- 1-1 

) a n(l 

is a 1-1 Continuous linear operator with domain S, range 
1 

D(L) n N(L) , and 

LHy ;= y for all y G R(L ) - S 

n (1.6) 

and HLx = X - S (x, )(2. for all x g i>(L). 

i=l ^ ^ 

We note that H is a continuous right inverse of L. 

We next define projections and and study their relations 
with L and H* 

Let m > 1 and choose functions 6 D(L*) = H^(cr) 

to form an orthonormal set in S. Let be the m+n dimensional 


sub space 

of S 

spanned by 


• • • / 

and Hw, , Hw„ , . . . , Hw . 

-L ^ m 

Clearly, 

^^oe 

D(L). 

Let P„ 
m 

and 

Q be 
rn 

projectiopo defined by 



m 







S (x. 

w. )w. 

for 

all X 

e s. 


m 

i*l 

X i 






n 


m 



and 

m 

S (x, 
i3=l 


S 

i=l 

( X, L* w. 

j^)Hw^ for all X e S. 


Clearly linear, continuous and iden^otent ; 

and - < Wj_, . . .,w^> and R(Pj^) = S^. The operators 

Q^, L and H satisfy the following lemma. 


the closed Grdph Theorem, the inverse map 


li — u 


D(L 



Lemma 1.1 . and H satisfy the following relations. 


(i) 


H(l-Q^)Lx = ^ e 


(ii) LH(I-Q^)x = x G S. 


( iii ) LP X 
m 


= Q Lx for all x 6 D(L). 


m 


(iv) P^H(I-Q^)x = 0 for all x G S. 

Proof . (i) Let x 6 D(L}. Then 

m 

(I"Qj^)Lx = Lx - S (Lx, w^}w^ 

m 

= Lx - S (x,I? w. )w. . 
i=l ^ ^ 

m 

Therefore H(l-Q )Lx = HLx - S (x,L*w. )Hw. 

m 1 1 


n 


m 


= X - S ix,gf.)gf. - S (x,L w.)Hw.. 
i=l ^ ^ i=l ^ ^ 


= X - P_x = ( I - P )x. 
m m 


(ii) Since (I - Q^)x G R(L ) for all x G S, from (1.6) 
it follows that LH(I - Q^)x = (I - Qj^)x. 

(iii) Let x G D(L), Then 


n 


m 


P X = S (x, 0. )Q!. + S (x,L w. )Hw. 


i=l 


i ' 1 


i=l 


1 1 


n 


m 


Therefore LP x = S (x, O'. )L0'. + 2 (x, L w. )LHw. 

m * -1 JX, 3. • ZL 

1=1 1=1 


m 


= 2 (x,L w^. )Wj^ (since G N(l) and 

i=l ^ 


H is the right inverse of L ) 
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m 

= S (Lx/W. )w. 
i=l ^ ^ 

(iv) Let X e S. 

m 

H(I“Q )x = H(x - S (x/W.)w.) 

j=l J J 

m 

= Hx - E (x,w.)Hw.. 

j=l J J 

m 

Hence = P^Hx - P^( E (x/W.)Hw.). 

j=l ^ ^ 

n iTi ^ 

= S (Hx^QC. )(?. 4- S (Hx/L w. )Hw. 
i=l ^ ^ i=l 11 

n m 

•“ E ( E (x, w . )Hw ./ C2f. )C?. 
i=l j=l J J ' 1 ' 1 

mm 

E ( S ( X, w . )H'w . , L w . )Hw . . 

j=3_ J J 11 

m mm 

= S (Hx,L^w. )Hw. - S ( E (x,w . )w ./ w. )Hw. . 
i=l ^ ^ i=l j=l 3 J 1 1 

The last step follows from the fact that Hx and Hw^, i=l,..,m, ... 
belong to NCl)"^ and N(l), 

m m 

Thus P H(I-Q )x = E (LHx, w. )Hw. - S (x,w. )Hwi= 0, 
m m 1^1 ^ ^ 1=1 1 

We next give integral representations for H and 
H(I-Q ), Let #(t) be the fundamental matrix for x formed by 

Let G(t, s) be the matrix function defined on JxJ by 

G(t^ s) = §(t) $"^( 3 ) for a < S < t < b 

(1.7) 

O for a < t < S < b 

We shall use the following result. 
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Lemma 1,2. Let y 6 S and let 

u(t) = (t) $ ^(s)y(sMs, ted (1.8) 

21 

Then the function u G H(j) and tu = y. 

Proof . u^^^t) = i(t) f"^(t)y(t) + -fV^^Ct) i"^(s)y(s)ds 

= y(t) -f $ ^(s)y(s)ds. 

Also A(t)u = / A(t) §(t) # ^(s)y(s)ds. 

a. 

Hence u^^^(t) + A(t)u = y(t) + /^( ^(t )+A(t )$(t )) )y( s )ds. 

t _i 

= y{ t ) + t(§ (t) / $ (s )y( s )ds, 

= y(t) (since ij(t) is a fundamental matrix for 
t. See L 17 ] ). 

We note that the above result shows also that R(L) = S. The 
following theorem gives a representation of H which is used 
subsequently. 

Theorem 1.1. Let y G S. Then Hy has a representation given by 


b ^ 

(Hy)(t) = S (/ ( s )y( s )ds ( t ) + /gG( t. s )y ( s )ds, t G J. 

where the W • s are given by 

"I 

’?-(s) = ~X O', (t) §(t) § (s)dt, i = 1/2/.. wn (1.9) 

1 e ^ 

Proof . Let y G S, and x = Hy, Let u(t) be given by (1.7 ), 

Using basic properties of H together with lemma 1.2/ we get 

n 

X, u G H(j) and t(x-u) = 0, Hence, x = 2 c.p^. +u. Since 


i=l 


X G N(L) /(x/pfjj^) = 0 for i = 1/2/. ../n. But (x/Qf^ )=C^4-(u,^^ ). 
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, b t , 

Hence c- = -(u,C?. j. Now (u/0'. ) = / (X G(t, s )y(s)ds;®'. (t-)dt 

-L o. '' X 8. a. X 

b “t 

= X X (G( t/ s )y( s JO". ( t) )dsdt. 
as. 1 

b b 

= X X (G(t/ s iy( s )0'. ( t) )dtds by Fubini' s theorem 
as ^ 

= X (X G(t, sJO". (t)dt)y(s)ds. 
as X 

b 

= - X ( s )y( s )ds. 
a 1 

Hence c. = X^ f. (s )y( s )ds and substituting in the expression 

X 0. X 

for X we get the required representation. 

We note that each is a row vector with n components, 

"t-b 

Let ^ be the (nxn) matrix v;ith occupying the i row. 

Let K(.,,} be the nxn matrix function defined on the square 
JxJ by 

K(t, s ) = $(t )( ( s ) + s) ) for a < s < t < b 

^ - - - ( 1 . 10 ) 

$(t) for a<^t^ s< b 

We note that K(./, ) is continuous on JxJ except at the point 
t = s. We now state a corollary of Theorem 1,1, 


Coroll ^ry ^ The right inverse operator H has an integral 

representation given by 

b 

(Hy}(t) = X KCt/ s )y(s )ds, t G J for all y G S. 

Let K (./•) be the matrix function defined on the square JxJ by 
m 


m 


Kj^(t,s) = K(t/s) - _S ( X K(t/ l)w^( f )dg )w^(s) (1.11) 


Let K (t/S) = K^.(t/s), 

m 1 j 


We notice that K^j(t/s) are 

b . X 

souare xntegrable on JxJ/ while the functions ^ K^j(t/s}ds are 
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are continuous on J(i=l,2> . ../n). 

The following theorem gives an integral representation 

for H( I-Q ). 

m 

Theorem 1,2 . 

b 

Let y G S, Then (H(l-Q )Y)(t) = { K ( t, s }y( s )ds, t G J. 

m a rn 

Proof . Since (I-Q^)x G R(L ), by the corollary of Theorem 1,1/ 
we have 


(H(I-Q^)x)(t) = i K(t, s)(l-Q„)x(s)ds. 

ill oL lil 


On the other hand, 

/ K (t/s}x(s)ds = ^ LKlt/s) - E (4 K( t, ^ )w. ( ? )dl )w. ( s ) Jx( s )ds. 
am a ^ ^ 


= K( t, s }x( s )ds. 
a 

b b 

- S (/ K( t, S )w. ( ^ )d| ) / V7. ( s )x( s )ds. 
. , a 1 a 1 


I3 

= / K(t/S)x(s)ds - S / (x/W. )K(t» s)w. (s Ms. 

a i=l ^ ^ ^ 

b m 

= / K(t, s)Lx(s) - S (X/Wj)w. ( s ) Jds* 
a i=l 

b 

= 1 K(t/ s)(l-Q^)x(s)ds. 


Thus it follows that (H(I-Q^)x)'(t ) K^( t, s )x( s )ds. This 

completes the theorem. 


We derive some estimates, 

b 

Let X G S and consider 1 I H(I-Q )x M = 1 1 { K ( * , S )x( s )ds 1 I, 

ixi Q m 
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Obviously 



)x( s )ds }^dt 
11 x 11 ^ dt)^'^^ 


(since l(x/y) 1 <ltxiiiiyi|) 


n n b b , 

=( S S { i K'^.(t,s)2dsdt)-^/2 ,, 

i=l j=l ^ 

bb^ ^ m V? 1/9 

Denoting by 6 = (// ^ ^ K (t/s) dsdt) / 

^ ^ m a a i=i j=i ij 

We have, I i ^ ^ * * 

A 

Similarly we can show that M(H(I“Q^)x)< I I I 


( 1.12 ) 

(1.13 ) 
(1.14 ) 


A 


b n ^ . 

0 - ^ max ( sup / S k"" (t,s)2ds) '2 (1.15) 

i=l,2..-»/n teJ^j=l 


4. Boundary Operator M and some related properties. 

* ^ 

Let p^ = di^ N(M) and = dim N(M ), By assumption 
2(iv) on M, we have p^ > %• Choose functions g^,q 2 #...g G D(m) 

to form an orthogonal basis for N(M), As before, the restriction 
of M to the subspace D(M) nN(M)'^ is a 1-1 closed linear 
operator with closed range and its inverse F =LM| 
is a 1-1 continuous linear operator with domain R(M), range 
D(M) A N(M)'^ , and 


MPg = g fo^ ^ ^ R(M). 

pi 

FHg - g _ s (g.g^)g^ for g e D(M) 

i=l 


(1.16 ) 
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We observe that F is a continuous right inverse of M. 


We now define projections and Q' in S-, and study 

mi 


their relations with M and P, Choose functions h^^/h^z-./h 
in to form an orthonormal basis for N(M*). Let m^ > 




be any integer and choose functions h h in D(M*) 

qp+l 

such that the functions h-, # . , . / , h_ , t / , . . , h _ f 03 m an 


q^^+l 


m. 


rvc observe that = R(M) bI(M*)^ 


orthonormal set in We 

where ?+) denotes the orthogonal direct sum . Note that the 


functions h 


■qn +1' * 


. ,h , belong to R(m) and hence/ we can 


m. 


form the functions Fh Ph^ . Let S* be the (pT+m-,-q, ) e 

Q "r-L O 1 1 -^1 

dimensional subspace of spanned and Fh 


Fh^ , Clearly G D(M). 


q^+1' •••' 


Define the projections and Q' in S, by 

m^ 1 ^ 


Pn 


m. 


g = S (g/g. ),g. + E (g/M*h. ),Fh. for all g G St . 

^1 i=l 1 -L 1 111 1 

^1 

g = S 2 ill g G S^. 

1 i=l 

Clearly and are continuous/ linear and idempotent 

operators defined on all of S, » and R(P' ) = S' and 

1 m^ o 

R(Q' ) = <hT/.../h > . AlsO/ the range of (!,-□ ) is a 

mj^ 1 1 m^ 

subset of R(m} and F(I^-Q^ ) is a continuous linear operator 
defined on all of S^. As before/ operators P^/ and M 

satisfy the following properties. 
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Lenma l«3 i The following properties ere valid* 


(i) Fd^-Q' }Mg = (It-P' )g for all g G D(M) 

-L 

(ii) MF(It-Q" )g = (I,-Q' )g for all g G S, . 

1 rrij^ 


(iii) MP' g = Q'Mg 


m. 


m 


for all g G D(M), 


r r \ a. n 

r"! 1 “l 


m-. 


= 0 

for all g 

GS^. 


A 

e' 

be the numbers 

such that 




1 1 g 1 1 ^ for all 

g G 

(1.17 ) 

e'' 

mi 

M g 1 1 ^ for all 

g G 

(1.18 ) 


whenever the L.H.S, of (1.16) is finite. 

It will be assxmed that F maps essentially bounded functions 
into essentially bounded functions. 

5. Existential Analysis s 

Let Y = SxS~ , the product space of S and with norm 

I 1 (x,g}| I Y = I I X 1 I + I 1 g I I X G S, g G Y^. 

Choose functions G and G such that 
|3 = M(Xq) < R and j3j_ = ^ Define, 

a (t) t (f{I-,-Q' )B(x^), )(t) for tGLa-'y,a] 

-^o 1 ra-j o D 

X (t) = 

° X (t) for t GLa,bJ 

o 

Obviously, x^ is an extension of x^ to the whole of La-a', b], 

A 


Let M^(F(I^~Q^ )B(Xq)^) = e^. 


Therefore, ^ l"^®!* ^^^111 be assumed 

^l+e^ < R. 


that 


(1.19 ) 
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Let Zq - where (G (x ))(t) = X( t, (x ) . )# t 6 J- 

/s o 

Suppose e and e are real constants satisfying 1 1 Z^l I < e, 

^(2^^ < s. Denoting by have 

/\ 1 

1 1 1 1 - - ®1* that c^d/r and R a. e 

positive real numbers satisfying 

c+e < d/ r+e < R, R+ 3< R and < R (1,20} 

The sets V in Y and in S are defined as follows s 

V = { Cx, g) e s^xSq j 1 1 jt-x^ 1 1 + 1 1 g-g^i !]_<<=/ 

max (M(x-Xq ), b-^(g-g^ ) ) < r }. Cl. 21) 

and = { X G S 1 1 1 x-xj I ^ d, M(x-x^) <R}, (1.22) 

/•V 

Clearly V and are nonempty closed, bounded subsets in their 

t , 

respective spaces and ^x, g) 8 V implies x 8 S^, 

Let (xtg*) 8 V and x G S^. Define xCg*^ ) by 

' * g* + P(l, -Q' )Bx, on La-r, a] 

xCg ) = 1 

X on La, bj 

We note that ^ ^b essentially 'i 

bounded and sufficiently large Indeed, | 

J\ A 

< r+ 0 1 + 6' II Bx. “B(x^ ), 1 1 + e-i (by (1.21 ) and (1.18 ) ) 

2: 1 va^ o o D X 

< >-i-BTi-eT + 0' kd(by(l,4) and (l.22 ) ). 

1 ■ ^ 1 1 m^ 

If m^ is taken large enough we have 
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< R-(r+3T_+ej_) 


(1.23) 


For each (x*,g*) e v and x e define (Gg*(x))(t) = 

X(t,x(g*)^), t s j. Obviously, G ^(x) is well defined on 
S^. Further, 

i=l ’'l 'a Xj_(g*)(t+e^) 


-y. (g**)(t+ej))2dt)^'^2 by ( 1 . 3 ) 


i ‘ ill jil ,ll x,(gO(t)-y,(g«)(t))^dt. 

a-fe^ 1 


+ (x.(g*)(t)-y {g**)(t))2at 

a ^ i 

bP ill g*lt)^(F(l^-Q'^) (t)-g*»(t) 

+ (x (t) -y (t))^ at 
a 

n 

= (P i£i bj) 2 £ I ,/./* +F(Iy-Q_;^) (Bxj^-Byj^) , iJh-i i^y, ,2^: 

Fp ill G.|g*-g»*n^+e;^]cMx,^-yj^,i^)2+,,^y,|2]i/2 

(by the triangle inequality and relations (1.17) and (1.4)), 

<(p i£i Lng^-g** i i^+Ci+e^ k) i |x-yi i j 

n / ^ 

Denote by k = (p ^ kj)^/^ and by k = k (l+e* k) . 

^ ±^± 1 o o ra^ 
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Then, we get, 

1 lGg*(x)-Gg**(y) 1 1 < k^( ] ,^+(l+e^^k) I ix-Yl l) (1.24) 

In case g* = g** = g, we have i |Gg(x)-Gg(Y) | | < l ix-yi 1 (1.25) 

For each point (x*, *) s v, define the map T on 's^ as follows 

Tx = X* + H(i-q^) Gg*(x) , X e s"^- 

suppose T has a fixed point. Then there exists an x £ 
such that X = x* +H(I-q^) Gg*(x) . Operating by L on both 
sides and using lemma 1.1, we get Lx-Gg*(x) = Q^(Lx-Gg*(x) ) . 

Also by the definition of x(^), we note that x^ = g* + 

F(lj^-Q^ Operating by M on both sides and using lemma 1.3, 

we get Mxg^-Bxj^ = (Mx^-Bx^) . Therefore x(g*,x*) is a solution 

of the given boundary value problem (1.1)- (1.2) provided 
Q^(Lx-Gg* (x) ) = 0 and (Mx^-Bxj^) = 0. Last two equations are 
called the bifurcation equations. We use the contraction 
mapping principle to get a fixed point of T and the degree 
theory to solve the bifurcation equations. The following 
theorem gives the continuous fixed point of T. 


Theorem 1.3 ; 

Let the assumptions of section 2 and conditions (1.17) , (1.18) 
(1.20) , (1.23) be satisfied. Let and 'm^^ be sufficiently 

large such that 


c+e+0 k (c+(l+0^ k) d) < d, 
mo m^ - 

r+e+e„k^(c+l+0;', k)d) < R, and 
m o rn^ * 


e k d+e' k) < 1 

mo m^^ 


(1.26) 
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Then T has a unique fixed point in and the fixed 
point varies continuously with respect to (x*/g*)* 

Proof.; Firstly, we show that TI.Sq)C S^. For, let x £ S^.Then 

ilTx-x^l! = Mx*-x^+h(l-Q^^) GgitCx) I I 

< I IX -XqI ! + | IH(I-Q^) (Gg*(x)-Gg(xQ) ) 1 1 + 1 lH(l-Q^)Gg (x^) 1 I 

< c+0^1 1 G ■*(x)-G (x^)ll+e by (1.13) and (l.21) 

^ '^o 

< c+e+e k ( I |g*-g 1 |,+(l+e^ k) | Ix-x^i l by (1.24) 

^1 

< c+o+e k (c+(l+e^ k)d) by (1.22) 

- mo ra^ 

< d by (1.26) 

Similarly, we can show that ^(Tx-x^) < R. Thus T(Sq)3;S^. 

We now prove that T is a contraction. For. let x,y s S^. Then 

llTx-Tyil = mH(I-Q^) (Gg*(x)--Gg#(y)) I I 

<0 I G^-)(-(x)-G^*(y) 1 I by (1.13) 

-mg g 

<0 k^(l+e' k)iix-yil by (1.25) 

- m o m^ 

Now, relation (1.26) shows that T is a contraction. 

Hence by the contraction mapping principle T has unique 
fixed point in S^. Finally, we show the continuous dependence. 
For, let x(x*,g*) and y(y*,g**) be the fixed points of T 
corresponding to (x^,g* ),and (y*, g**) , respectively. 

Then 

Mx(x*,g*)-y(y*.g**) II = i ix'-y'+HCi-c^) (Gg.(x)-Gg..(Y) ) n 

< I ix*-y*i i+ej„k^( I 'I'+ci+e' I I^^yn i^y 

and (1.24). 
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+ 1 I 1 1 ( 1+e ' k)i|x-yii (since 0 k<l). 

± in o m o 


Hence, 


I I x(x*, g (y*, g**) | | < (l-0^k^( l+0j^ k) ) j |y*-x* 1 1 + M g*~g 1 j^) • 

In view of the fact that 0 k (140' k) < 1, the continuity 

m o 

follox-js and the proof is completed. 


We now assert that the extension of xCx^Vg"*) to the whole 
interval L a- Hb ] varies continuously with respect to (x*,g*) 
For, consider 

x(x*, g*)^ =■ g*+F(I^-Q^ ) Bx^^ and 
y(y*/g**)^= g**-i-F(i^-a/ )By 


b 


iir -Jf V 


Then I lx(x*/g*)^-y(x*,g*)^| |^=i lg*-g**l l^+l ^ * *1 


< Ilg^-g **| 1^+0^ k| ix^-yj^lijL (1*17) and (1.4) 


< I |g*-g**| |^-f0j^^k| |x-y 1 I 

From the above inequality and the continuous dependence 
of x on (x*,g*), the assertion follows readily- 


Bounds for the solution ; 


Since x e S^, we have ' ix-x^l i < d and Kx-x^) < R. Also, 
as in (l.27), we get I I x_- (x_ ) _ 1 | -, < C40' kd. Similarly, 

o (-/a X “* 

we can get M,(x^-(x^)^) < r40' kd. 

Ju O- O 3. xt I -| 

Now we shall present som.e theorems for solving the 
bifurcation equations. For that we need the following. 

Let (x*, g*) £ V and p(x*,g*) be the fixed point of T 
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corresponding to (x*/g*). Cledrly/ | 's V -» is continuous. 
Define by 

.g*) = (Q^(Lx (MX (g‘^)-Bx*)) 

and ’i'P(x*,g'*) = 

=Q^(L (x*,g*)-C4g*(P(x* rg*))) (MpCx^ , g^) g*)^) ) 

A ^ 

Recall that P is an extension of p . 

We assert that I'T; V -* < Ww...,wr > x < h, > 

1 m 1 ■' 

is continuous. For, consider 

I l^P(x^g")- fp(y",g"-") = 1 I Q^L P( x^ g^)-LP(y^ g*^) 

+ G **(P(Y*/g*)-G *(p(x*,g'^))) 1 I 


A 


A 


f I iO^^(MP(x^g"^^-Mr(y^g**) 


+ Br(y^g**)^-Nr(x*,g-^-)33l 1^, 


m 


< II (r‘(x*,g*)- £fw.)w.M + 

+ IIG„ (PCx*/g’*) )-G g ( I 

^ y 


1 ^ 

+ II .5., (P(x*,g*) - r(y*,g»»)^,H*h.)h. I U 

“"-jt. a. “ a. 1 1 X 

+ I |Npx*g^ -B (y*,g** ) 


b' '1 


< -S. I iL V/. I I M (x*g*)- (y*/g**)l| 


m 

- ill 


m 


1 


+ i=l ll^*^i"l I >1 

+ k^( 1 ig^-g*’^^! ij^+Cl+e^^^k) | |FCx*,g*)-p(y *,g**) i | 

+ k I |P(x*rg*)j^“P(y\g^ )^| p by ( 1 . 24 ) and ( 1 . 4 ) 
above inequality shows that 'i'P is continuous. Similarly 
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we can show that W ;V - <Ww...,w >x<h-,/...,h > is 

1 ml 

continuous. 

We need the following estimate. 

Lemma 1.4 . Let (x*/g*) s v. Then 

I 1 l'r^(x*/g'')- ^(x*,g*) I 1 <(k+k (1+6^ k)) 0 k (c+(l+e' k)d)+e . 

rn. 

Proof . 

/v 

Clearly, Q^Lp(x*,g*) =Q^Lx*and Mp(x*/ g*) ^=Q^^Mx*( g*) 

This follows from the definition of T and extension of a 
function when one makes use of lemmas 1.1 and 1.3. Therefore, 

1 lWp(x*,g*)- 'S(x*,g*l 1 ^ 

= MQj^(Gg*(p(x*,g*))-Gg*(x*) I I + M i^Cx*, g*) ) 1 | ^ 

< 1 lP(x*,g*)-x i I + k| |p(x*,g*)^-xj | by 

(1.25) and (1.4) 

< (k+k^d+e^ k) ) 1 |P(x*,g'*' -x'*‘| | 

< (k+k^d+e^ k) ) ( 1 IH(I-Q^) (G (PCx*,gd)-G it(x^)) 1 I 

™1 ^ y 

+ t 1H(I-Q^)G^ (Xq) It). 

< (k+k_(l+e' k)) 0 k ( I ig*-g„| | +(1+6" k) | i P(x*,g*)-x l |)+e 

by (1.13) and Cl. 24)] 

< (k+k^(l+0j^ k)) [ e^k^Cc+l+GjJ. k)d+e] ! 

The proof is completed. 

Apply the Gram- Schmidt process to the functions Hw^,..,Hw^ 
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to obtain the orthonormal functions 'ni/'H-/***/?! and to the 

11 m 

functions Fh .-./.../Fh to obtain the orthonormal functions 

q-j +1 

TV'*’ 

'^l' '^2' " ° '%x ’ ^ ~ E ^ be a copy 

of Euclidean M- space where we represent each point t by an 
M- tuple of numbers. 


S — ( b-, / b„ / • • • / b /C,/... / c / b^/.../ b^ fC* ii^*** / ^ • 

12 n 1 mi p^ q^ +i 

A jfn A 

Let m = m4in^ . Let E be a copy of Euclidean m- space where 

TTl* 

we represent each point V e E^ as an fn-tuple % V=(Uj^/..u^/ 

JMl 

uw***/u' )• Define the onerators f % sK *^6^x5^ and 
1 ^ 1 

Po * <Wt / • • • / Vv" >x<h-, / . * • #h > -* by 
’ z 1 ml m ^ 


1 


pt ( b-j / b^ b /C, / ••• / c j b^ / ♦ • • ^ ^ 

* 1 1 2 n 1 ml pj^ ^1 


n 


m 


Pl 


m 


= ( b.0.+ .2 c.'H. , .2 b^g. + . ^ c'.vn 

1=1 r 1 1=1 1 1 1=1 1^1 i=q^+l X X 


m ^1 

and Po( ^ u.vj./ S ufh.) = (u, / 
i=l ^ ^ i=l ^ ^ ^ 

It is not difficult to check that 

Let Pt ( |_) = (x /g ). Let I’sE*^ 

1 O O O 

defined by 


• • / n /U-. / • • • /"u/ ) • 

m 1 

and are isomorphisms. 

A 

-» e"^ be the operator 


'i =P2«Fi- 

Let us choose a number e > O such that the set U = 

U = { S e I 1 S ”^o ' < £ } is mapped by into the set V. 

The existence of such an s is not difficult to show. We observe 
that p 2 and p pp map the ball UCe”^ continuously into 
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A 

E . ITnis is used in the following theorems to establish the 
existence of a solution to the equation ’ff^(x /g ) = C and 
hence a solution of the problem (l.l)-(1.2). 

The following theorem esrablishes the existence of a 

solution for the case m = 1 and m^^ = 0, For = 0 , we mean 

the operator M is invertible and the projections are not 

^1 

considered. In this case, we denote 6 " by 6 ' and by 6 ', 

^1 ^1 

Theorem 1.4 ; Let m = 1, m^ =0 and conditions of Theorem 1.3 
be satisfied. Suppose there exists a niomber 6 > 0 such that 
L -6,5 ] 'r: ^U) and 

(k+k^(l+e'X)) (e^k^(c+(l-K}"k)d)-}-e) < 6. 

Then there exists an (x*, g'**) s y such that 1' I •^' ( x *, g "*') =0. 

A 

Moreover, L (x^g"*^ = G *(p(x*g'^) and mJ^Cx *, g ■**) = Bp(x*,g 
and P'Cx^/g'*) is a solution of (l.l)-(l*l). 

For the method of proof see Theorem 4 of [45 ]• 

The next theorem relaxes the conditions = 0 and m = 1. 

Theorem 1.5 ; Let be such that '^( 1^) = 0 and let the 
conditions of Theorem 1.3 be satisfied. Let the first order 
partial derivatives of ^ exist and are continuous on U and 

the Jacobian matrix for ^ has rank m at Let the set 

A 

W = { uS e'^iiui <6} be a subset of and there 

exists a continuous mapping A s W -*■ U such that y A (u) = u 
for all u s w and 

(k+k (1+0^ k))(e k (c+1+0' k)d+e) < 6 with 6 > 0. 
o kIt mo m.. 
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Then there exists an (x*, s v such that ['^(x*, =0 

A 

and g*) is a solution of (l.l)-(1.2). 

For the method of proof see Theorem 5 of Lis]. 

6. Periodic Boundary Conditions s 

vje now show that in the case of periodic boundary 
conditions (that is M = B = i^) most of our estimates ha'^e 
simpler form. In tliis case we note that there is no need 
to consider the projections in as much as P= is 

^ A 

defined on all of • Further the extension x of x s S 
is simply by x(t) = x( t) for t s La/bJ and = x(t+b-a) 
for tel a- r,a ]. One can easily verify that condition 
(1.20) takes the form 

c+e<d/ r+e<R and (1.28) 

and, (1.24) and (1.25) take the form 

1 lG(x)-G(y) t I < k^l ix-yl I (1.29) 

We also note that is a singleton consisting of the 
zero element. Also the sets V and are simply defined by 

V = { X e S^l I lx-x^| 1 < C, M(x-Xq) < r } . 

S^= { X e S i t 1 x-Xq| I < d, M(x-x^) < R } . 

Thus the set V is a subset of the space S. 

Thus in this case Theorem 1.3 takes the following simpler 


form 
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1,6 s Suppose the assumptions 2(i)-2(iii) and 

condicion (1.2S) are satisfied. Let ^m' be sufficiently 

large such that c+e+e k d < d, r-fe-i^ k d < R and 0 k <1. 

mo- mo- mo 

Then T has a unique fixed point in and the fixed point 
varies continuously with respect to x*. 

In this case M = n+m, m = m and the map 'if takes the 
form 'i'(x) = Q^(Lx-G(x)) and lemma 1.4 becomes 

Lemma 1.5 : Let x* e V. Then l | f x*- 'i'x*| i < (0^k^d+e)k^- 

JNx 

Here, the. isomorphisms are r S and it - 

1 o 2 1 m 

-* Finally/ Theorems (1.7) and (1.8) correspond to the 

earlier Theorems (1.4) and (1.5) respectively. 

Theorem 1.7 : Let m = 1 and conditions of Theorem 1.6 be 

satisfied. Let 6 > 0 be a number such that t- -5^5 Ic'fCu) 

and k^(G k d+e) < 6 . Then there exists an x s S_ such 

o m o - o 

that X satisfies (1.1) and x^ = Xj^. Moreover/ i ix-x^l | < d 

A 

and M(x-Xq) < R. 

Theorem 1.8 s Let be such that ^’(^q) = 0 and let the 

conditions of Theorem 1.6 be satisfied. Suppose the first 

order partial derivatives of exist and are continuous 

on U and the Jacobian matrix for has rank m at Let 

the set W = {uSE^I |ui<61 be a subset of f(U) and 

there exists a continuous map A- W - U such that ^ /\i\i) = u 

for all u e w and (0 k^d+e) k^ < 6 with 6 > 0. Then there 

m o o 

*%i* /i 

exists an X e such that x satisfies (1.1) and x^ = Xj^. 
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Remark % Our method gives solutions which may be discontinuous 
at the initial point t = a. In the simple case of periodic 
boundary conditions/ the existence of solutions with no 
discontinuity at t = a were established in [23] . 
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CHAPTER- 2 

We shall make use of the theoiry developed in Chapter 
One and prove the existence of a solution to the following 
Van der Pol functional differential equation with periodic 
boundary conditions. 

+ a(l-y^)y^^^ = ,8(y(t-l/4) + sin27rt) , itt] < o.l^lPi < 0.1 
y^ = y^ and y^^^ = y^^^ (2.1) 

over the interval J = L 0,1 ] . Here = [-1/4,0 ] . 

Equation of the above type and similar ones occur widely 
in applications and describe many interesting types of 
phenomena. They arise in the application of probabilistic 
methods to the theory of asymptotic prime number density, in 
the mathematical description of a fluctuating population of 
organisms under certain environmental conditions, in the 
operation of a control system working with potentially explosive 
chemical reactions and in the economic studies of business cycles. 
See G-S. Jones [ 39 ] . Writing equation (2.1) in system form, 
we get 


'X 

/O 


0 

/ 

J 5 ^ 

X ■’ 

, 0 

kU/ 

-a(l-x^) X 2 + 8 (x 2 ^ ( t-l/4)+sin 2rrt) 




( 2 . 2 ) 

where - 

y and 


Denoting x = < , we have 

■ ^2 ; 


( n \ ^ \ 

= - 1 _ lx . ■Pierefore, the operator L is defined by 

’,0 0 , 
ft' 


XX 
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D(L) = H( J) , Lx = Tx. We can easily check that the adjoint 


L of L is given by D(L ) = { z 8 h(J) s z( 0) = z(l) = O 


l\ = 


/O 1 \ 

t" |z. Clearly, dim N(L) = 2 and dim 


0 0 


_^l^^l/2 b-1/2' 

1 • 


N(L ) =0, and the functions = ■ ^ | and - 1^52 Ct) =(^ 3 ) 

form an orthonormal basis for N('c), simple calculation gives 


$(t) = [ 


/l (t-l/ 2 )\ 


\0 (^) 


12 , 1/2 




-1 




s ; 


;1 TT - s \ 


! , 13 . 1 / 2 / 

'•0 / 


and q)^( s) = 


/s -1 


12^1/2 ^s-s^ 
'Vi3^ 5 ~; 


2 1 
c s „ 1 

2 


5 

3s^-2s^+12s ,13,1/2/ 

(„) 


(156) 


1/2 


/ 


Hence we get 


H 


! v. 


12 , 1/2 

17^ 

(t - |)\ 

! s 

f 

12 . 1/2 

13^ 

i 

f 

1 

t 

j 

i 19 

1 ^13 


J 



K( t, s) 


- 


1 ^^2.1/2 




(t- f) 


/ 

s-l 


^ ; 
i i 


II 0^12,1/2 

i '“v 


1 / 

,12a/2,s^-s. 
I . 1.2.3' 2 ' 




- s 

7 




(156)^'^^ 
0< s< t< 1 , 


s - ^ -1 
3 s^-2 s^+12 s 


(156) 


1/2 


(13^V2j 


0 <t<s<l 
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We can verify that w, (t) = 2 \ is a normalized 

1 8 t "t ' 


vector helonging to D(L^) and 


^ K( t, s) w^( s) ds 


Letting 


{ 15 ^ 1/2 
'‘8 ^ 


',4 ,3 
t t r 

12 “6 12 


3 2 

t t 1 

j + T ? 


1 

60 


COS 2 Tit 
27T 


/ 


/ t 

/ I2 ' - IT 


60 


_ COS 2TIt ' 
2 n 


f CL 

/ 1 ' 
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|/one easily writes 
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\“2 / 
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-(t - i) (3s -2 s-^+12s)N 
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-a^ sin 2 71; 


-a^(s -s) 


I \^-^( s^~s) -cc^ sin 27ls/ \-^(3s^--2s^+12s)-0C2(s^-s) 

/ 

for 0<s<t<l, 

2 


K^{ t/ s) 


_/ 

-'i. 


'fs-l+ “ — )(s^-s)N^ /s - ^ t-^) ( 3s^-2s +12s)\ 


-a^ sin 2 7 Ts 


-t-a^ ( s - s) 


s^“ s) *" 0 C 2 sin 2 tis “2s 4-12s)~1“'01.2 ( s —s) 


for 0<t<s<l 


/■ 


Lengthy calculations yield 


/ 

o 


K^^(t, s) ds = + iQgQ - 


1)2 

2’ 


a . 


13' 


Iwt^ . 1 


+ ^ + -, o( t “ ^) (■? “2 + 2,2^ 


co |_^ 



J o 


^O^Ki2(t,s)2ds = fj- 


+ 1522 Ct - i) 2 X 

— — 2 ^ +30 


5917 


2t 2 

3 3 + ^ "12 


-I- 


OiC 


30 


i 4- ^ ^ ( 4 . 1 W ^9 87 t' 

6 3 ' 6 ^ 13 ^"^ " 2 ^^"15 ■*'10 + 2 


-i- 4 f^-i 3 t; ; 


1 1 , 2 12 

;K2i(t,si ds = ^ 


a. 


2 ' 


rl^l ,, ^ 2 , _ 1987 “2 

o ^ 22 ^^'®^ 5 ^ 30 + 13 ” I 3 ■*■ T3 




12,2 ^ / .1 2t^ 2 s , 

•t + a^C- - - ~ + t )-t. 


Using the above expressions^ one easily gets 

2 

9t=( S . ( t, s )^dsdt)^'^^ <0.9 

00 i,j=l 

and 0 ^ = max(( sup LK^^(t, s )^ 4 -k ]^2 ']ds?'^'^ , 

t £ L 0 ,l] 


( 2.3 ) 


(sup [K^^Ct, s)^+K 22 (t, s)^ ] ds)^/^) 


t£ Lo.i] 


< 1 . 2 . 


Here, (G(x))(t) = 


O 


\- a(l-x^)x2+ 0(x^(t 
pxCt ) for t e Lo,l], 



( 2.4 ) 


Note that x(t) = < 


x(t+l ) for t £[- o]. 


1-3 4- 

/ir - S- + 


12 


0^ 

12 " 60 


cos 27 rt 

— m — 


\ 


\ 


Take m=l, = 5 .465463 | 


3 2 

•. £1 ^ . L. 

\3 "2 ^12 



37 


and S = < ^ ' 

We have M = 3, The isomorphism -» and 

given by {*'^(5) = j (b^/ ) 

”"7 

= b-. O'-, +b„0'„+c-, “n-, and ! „(u-,w^ ) = u, . Obviously, 

^ ^ ^ sin 2 TTt 

Q^x = (x, x£ S and Q^L i = 5.465463 <^^(2 

»- b t 

Similarly finding Q^^gC substituting in = p2'^[l' 

we geti^(g) = 3 .99l4098c^+ a (0,013280934c^-0.179434ib2C^ 

+ 0.09882 83 b^b^c^-O. 000003 40885b^Cj_+0. 2192 644b^b2^--0. 3 7673 67b2C 

+0.01011908b2-0.2192 644b2 )+ P (0.2282176b^-0.020556b2- 
-0.0002050636c2_ ). (2.5) 

Clearly, we notice that = (0,0,0) is a solution of ’f^( ^ ) = 0. 
Take = (q). Then 

llG(x )ll < . Hence, I I K(I-Q^ )G(x^ ) I I < 0.6363962 3 = e 

( 2.6 ) 

and M.(H(I-Q^)G(Xq)) < 0.8^85282 = e. (2.7) 

Let ^ e and x = !’^(l). Then in the usual way we can show 
that I I X I I = ill and M(x)< 1.5 l|l =1.5 11x11 . (2.8) 

Take the sets U = {^SE^I 11-1^1 = ill £c} 

and V = { X £ S 1 1 ix-x^l 1= 11x11 £ c,M(x) < 1.5c } . 

We notice that the map ; E^ -♦ maps the ball U continuously 

into V. We take e = c and r = 1.5c. Also, for x,y e 's^, we 
get IG^X-G^yi =0, \G^x-G^y\ < ( I ai ^(1+R^ )^+4R^ ) 

+ 13 1 2)V2( IXi-Yil^ t 1^2 "^ 2 '^^ ix^(t-l/4)-y3_(t-l/4)l2 

•f 1 X 2 ( t-1/4 )-y2 ( t-1 /4 ) 1 ^ )^'^^ • 


CN3 H 
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Therefore^ 11 Gx-Gy l 1 (l-f3R^)'f l3l) Mx-y 1 i • 

Hence/ we have 

k 2(1^1 (l-f3R^) + i3l ). (2.9) 

o '' 

As we have estimated all the required quantities/ we can 

apply the Theorem 1*7 to get a solution of (2.1). Conditions 

of Theorem 1.7 are equivalent to 

k < C.9 xY 2 (!ai (1+3R^ ) + l3l)< 1/ 0 < c <d, 0<1.5c< R/ 

1 o * 

c+e < c + 0.636397 3 < (1-0.9 x''[2( lai (1+3R^)+ IPl ))d< (l-e^k^)d, 

r+e<1.5c +0.848529 3 R-1.2 x ^2 ( ia| (1+3^"')+ l^l )d < R-O^k^d, 

(0 k d+e)k < (0.9 xY2(l+3R^) + l3l )d+0.63 6397 3 ) 

X f 2 i lai (l+3R^ ) + i3i) ^ ^ / 

•f(| )> 6 and ^(§2^- ° (2.5). 

We can easily check that one possible choice for the above 
quantities is 

c = 0.01, d = 0.15, R = 0.2, lai < 0.1, 131 <0,1, end 

= (0,0,0.01) and I 2 ~ (0,0, -0.01). 

Hence by Theorem 1.7, the problem (2.2) and therefore the 
problem (2.1) has atleast one solution x. 

1 X I < 0,2. 


Moreover, 
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CHAPTER-3 


1. Introduction^ * 

present chapter vre consider abstract operational 

. j: +-he form Lx = Nx and Lx + CCAx= Nx where 

equations of rna 

L “ D(L) X ^ ^ Y are operators, 

L linear not necessarily bounded, N and A continuous not 
necessarily liue^^^ ^ Banach spaces and a a real 


parameter. On 


the continuous operator A v/e assume that it 


I j cff>ts to bounded sets and on the operator N we 

maps bounded ^ 

j-i- 0 . -,•+■ satisfies certain growth conditions in the 
assume that it 

large. 

,, voirp in terms of the alternative method and the 
We prove 

topological degree that under such assumptions 

r, j-viore exist s 'lutions to Lx = Nx and Lx + oCAx = Nx 
on N and A, tnej-^ 

for some a > 0 and moreover the solutions remain 
for 1 a I < a_ o 


formly bounded as « is allowed to pass through the point of 
a = 0* 


uni 

resonance 


^ Preliminaries : 

2', Notations nno- 

^ and Y bo Banach spaces. PiX ■* X, Q s Y Y be 

Let X 


projection op 


erators 


(linear, bounded and idempotent) such that 


/ ^ = X = OiY) = Y 

R(P)= P(XJ - ^o ^ 


Ker 


Ker Q = (l-Q)Y = Y, 


Let Ker L 


p = = ^1 

d(L ) = Y-, , 1 £ dim Ker L = dim X < + 
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Let there be a linear operator H so that the following 
conditions aris satisfied. 

(i) H(I-Q)Lx = (l-P)x for all x £ D(L). 

(ii) QLx = LPx for all x e D(L). 

(iii) LH(X-Q)Nx=; (l-Q)Nx for all x e D(N). 

iJnder these assumptions the equation Lx = Nx can be 
decomposed into an equivalent system of ecfuations. (see I 8 ]), 

X = Px + H(l-Q)Nx (3.1) 

QNx = 0. (3 .2 ) 

The first of these equations can be called the 
auxiliary equation and the second the bifurcation eguationc 
Because of conditions (i) and (iii) H is seen to act like 
a right partial inverse for L and indeed we make the 
assumptions HjR(L) -♦ D(L,''' O is a compact operator. We 
now assume that Y is a space of linear operators on X so 
that the operation <y, x > : YxX -* R is defined, is linear in 

both X and y and !<y, x>i < K||xii^ IlYI 1^ some 

constant K > 0 and all x s x and y e Y, As an example let 

X = Y = L 2 (g} where G is a bounded open set in R^, then 

1 <y,x > I = i J x(t)y(t)dt I ^ j | x ) | ^ ! I y I I Y* The operation 
< y, x> has the following property. For y s y, Qy = 0 if 
and only if < Qy,!^ > = 0 for all x* e X^. Let i | P i | = K, 

I I i-p I j = K', I i Q I I = X, 11 (I-Q) 11= I IH 1 1 = M. 

Whenever X and Y are Hilbert spaces and P and Q are orthogonal 
projections, then K = = aj= X* 


= 1 . 
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3 . Lx = Nx. 

Theorem I . (Case of ISI bounded) i Let X and Y be Banach spaces. 
Let L^H, P,Q satisfy the conditions stated in se'ction 2 of the 
present chapter. Let N : X -* Y be a continuous operator and 
let = Ker L be finite dimensional. Suppose JsR(Q) -♦ R(P) 
be an isometric isomorphism. If (a) there exist a constant 
Jq such that I I Nx l i < for all x s x and (b) there is a 

real number R^ > 0 such that < JQNx, x* > £ 0 Lor < JQNx,x*> > o] 

for all X £ X, x* e X^ with Px = x* , 1 I Px | ) = R^, 

I 1 x-j? I i < Jq then the equation Lx- = Nic has at least one 
solution in D(L). 


Proof. Assuming the conditions stated above we have 


<=> 

Q(Lx-Nx) = 

<=> 

QNx = 

0 ; 

<=> 

JQNx = 

0 ; 

<=> 

JQNx = 

0 ; 

<=> 

X = Px 

-fH( 


(3.3 ) 


In the last statem.ent one way implication is obvious. 

In order to see the other v/ay/ let x = Px + H(I-Q)Nx + JQNx, 
Operating on both sides by P we get Px = Px + O + JQNx aS*' JQNx =0. 
Thus instead of the equation Lx + Nx, we shall consider the 
equation x = Px +H(I-Q)Nx + JQNx. Let D denote the set Cx £ X, 

I I Px 1 1 < Rq, I I X 1 I < } vjhere is a constant to be 

chosen subsequently. 



Now there are tv/o possibilities. Either (a) there is a 
solution of (3.3 ) on dD( the boundary of D) in which case the 
theorem is true or (b) there is no solution of (3.3) on dD, 

We consider this second case below. 

Define L^(x) = x-h(Px+H(l-Q )Nx + JQNx) = (l-G^)x. 
Clearly L^x = Ix and L^x = x-Px--H( I-Q )Nx-JQNx. We show that 
in the closed convex set D the degree of the map with 
respect to D and the image x = 0 is defined i.e. d(L^/D, 0) 
is defined. Further d(L^,D, Oj is constant for 0 < X < 1. 

To see this we need only to show that 

x = W(Px+H(l-Q)Nx+JQNx). (3.4) 

has no solution on SD, In order that x e 6D either 
(i ) I tPx II = Rq and Mx| i < or (ii ) i iPx | l <_ and 

1 |x I I - rnast hold. In the latter case if (3.4) has a 
solution, then = M x I 1 < 11 Px | i + 'v 

which is a contradiction if we choose + Mx'J + Jr J . 

In case (3.4 ) has a solution with I | Px I I = I I x | j < 

for some 0 < X < 1, then again we show that we arrive at a 
contradiction. For h = 1 we have already assimed that (3.4) 
does not have a solution on dD. On operating by P on both 
sides of (3,4) we have Px = APx + AJQNx. Substituting in 
equation (3.4) we get x - Px = Ah(I-Q)Nx so that 
I I x-Px I I < M ' J^. Thus denoting Px = x* we have i i x-x* i | 
< and I I Px 1 1= R^. So <JQNx,x*> < 0 by assumption. 

Now taking bracket operation on the equation (l-A)Px = AJQNx, 



43 


we have (l-X)<Px, Px> = A < JQNx,Px> < 0. But (l-A) <Px,x> > 0. 

This contradiction establishes that (3.3) does not 
have a solution for any x e dD. Thus dCl-Gj^D^O) = d(l,D,0) O, 
Hence x = Px -f H(I-Q)Nx + JQNx has a solution. This completes 
the proof of the theorem. 

We remark here that if we had considered the case 

where < JQNx,x*> ^0, we could have taken -J in place of J. 

* 

Theorem 1 . Let X and Y be Banach spaces. Let L.H.P, Q 
satisfy the conditions stated in Section 2. Let M be a 
continuoxis mapping from X to Y, Let the kernel of L be 
finite dimensional. Suppose J 2 R(Q) -* R(P) be an isometric 
isomorphism. Let there exist a constant such that 
1 I Nx I 1 ^ Jq for all x s S where S is an open set in X, 

Suppose that < JQNx, x*> < O L or <JQNx, x*> > 0 ] for 
all X e s, X* £ with Px = x* , I I Px I I = R^, I 1 x-x * | i < 

Suppose also that the equation x = A(Px + H(I-Q)Nx + 
JQNx) has a solution for some A £ (0,1) only if l t Px | | = R.^ 
or 1 1 X I 1 = Cq, > Rq, then the equation Lx = Nx has at 
least one solution in D(L), 

Proof . The proof is similar to that of Theorem 1. 

A theorem similar to the above is valid when N has 
a limited growth as given below. 

Theorem 2 . (Case of limited growth of N). Let Gr(|)^ .0,>?(s) 
>0, 0<§< +00 be monotone non-decreasing functions. Let 



4 ^ 


us assume that | I Nx II < pf( I I x I i ) for all x e X, and 
< JQNx,x*> < 0 L or <JQNx,x*> > 0 ] for all xs X, x*e 
with Px = X* , 1 IX* I = Rq/ II x»x*| I < '?( I |x| I ) where 

Further let there be a constant ^ ^o 
(i'l ). Then the equation Lx = Hx has at least one 

solution X e D(L j v- X with ilxli < and \ \ Px I 1 < R^. 

Proof . As we had seen earlier we need to prove the existence 
of a solution of x = Px H(I“w)Nx + JQNx. As in Theorem 1, 
we choose D={xeXi iiPxii< R^, I |x i i < } . We 

suppose that (3.3) does not have a solution on 3D, Othcr^'/ise/ 

the theorem, is proved. As in the previous theorem we consider 
the operator L^x = (l-G^)x = x -X(Px+H(l-Q )Nx+JQNx). Obviously 
Lj^x 5^ 0 on 3 D (by assuiiiption ) , We show that L^x = 0 does 
not have a solution for A s (0,1), x & 6D. Suppose contrary, 
then there exist s (0,1; and Xj^ e 3D such that Lj, x^ =0, 

We consider the case (a) where I 1 Px^l ( = R^ and | i x^^^j | < C^. 

Then we have 

Xi = + /\^H(I-Q )MXj^ + A^JQMx^ (3.5) 

Applying projection operator P on both sides of (3.5) we have 
PXj^ = '"^l^^l ^^JQNx^ (3 ,6 ) 

Substituting this equation in (3.5) we get Xj^ - Px^^ = AH(I-Q)Nx^ 
so that 

I I Xj^rPx^ 11= 11 A^H(I-Q)NXj, I I < M//C2r( j ! x^ 1 |) < f( | pc | 

But carrying out the bracket operation on both sides of (3.6) 



45 


we get 

0 < (1-A.^ ) < Px^ > = < jQNx^, Px^ > < O 

which is a contradiction* Consider now case (b) where 

0 ^'7ith I 1x^1 1 = t I < Rq. In this case 

M x^l 1 < I 1 Pxj_| 1 t I I H(l-Q)Nx^ll+ 1 1 JQWx^l 1 

< Rq + M-'orC I I II) + .y^Qr(i I x^i I ) . 

= R^ + (M." + i;)Qf(C^). 

So Cq < Rq+(M;’''+ J0(C^) which is again a contradiction. 

This completes the pioof of the theorem. 

Theorem 2* s (Case of limited growth of H;, Let Qf(^) >0, 

i'(S) ^0, 0 < + 0° be monotone non-decreasing functions. 

Let us assume that i I Nx 1 i 5 ©"(l i x | | ) for all x e S where 
S is an open set in X and<JQNx,x*> < O L or <JQNx,x*> > o] 
for all X e S, x *e X^. Px = x* , i I Px I I = R^, II x-x*| |< 'I'(| | x | j), 
v/here iU l Let + (Mt^ + )Q'Cc^), Further 

assume that the equation x = ?v(Px + h(i-q)Nx + JQNx) has a 
solution for some X £ (0,1) unless either | 'Px | | = R^ or 
II X I I = C^, then the equation Lx = Nx has at least one solution 
X e D(L ) with I 1x1 I < C^ and I IPx I I < R^. 

Proof . Proof is similar to that of Theorem 2. 

We now consider abstract operational equations of the 
form Lx + UAx = Nx where L s D(L ) "I. X Y, N;X -* Y and A^X Y. 
Here L is a linear operator not necessarily bounded and N and 
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A are continuous operators not necessarily linear. It is 
also assumed that A maps Pounded sets into bounded sets. 

Follov/ing Cesari we prove that the conditions imposed on N 
and L actually have stronger implications, namely that under 
such assumptions there are numbers > O, > 0 such that for 
all real ct with |Ct i ^ the equation Lx + aAx = Nx has 
at least one solution x s X with | | x | i < C^. Stating 
otherwise the parameter a can pass through the point of resonance 
d = 0 and yet uniformly bounded solutions x can be guaranteed. 

As pointed out by Cesari this has a physical significance 
in the sense that for the case of the periodic solutions of 
ordinary differential systems with forcing terms of a given 
period there exist uniformly bounded periodic solutions of 
the seme period. 

4 . Lx "I" Ax “ Nx. 

■Theorem 3 . (Existence across a point of resonance in case of N 
bounded ) . 

Lot the general conditions of Theorem 1 be satisfied 
and A : X - Y be a continuous and bounded operator. Suppose (a) 
tiiere is a constant such that l | Nx 1 I 1 for all x £ X, 

(b) there are constants > 0, 0 > O, 3 > such that 

< JQNx,x * >< -e i!X*|lLor < JQNx,x * > > 0 I I x * | ] ] for 

all X £ X, X * ® X^ with Px = x*, ilx*il = R^/ I I x-x M P ’ 
then there are also constants 0,C^> O such that for 

every a with iai < a^/ the equation Lx + aAx = Nx has 



at least one solution x £ D(L } with i I x I I < C . ■ 

o 

Proof . The proof follo’ws the pautern of previous theorems. 

Let D = { X 8 X s 1 |xi 1 < I ! Pxl l< Rq } • first show 

that there is no solution of 

X = XlPx + H(l-Q)Nx + JQNx - aH{l-Q)lNix - JQAx] (3.7) 

for X e ( 0 , 1 ) and lai < for some with I IPx I 1 = 

and Mxl I < C^. Suppose contrari^, then there exist a 

e (0,1) and x^ with I I Px^ I t = such that 

x^ = X^LPx^ +H(I-Q)Nx^ t JQ]7x^ -aH(l-Q)Nx^ - OJQJoc^] (3.8) 

Operating by P on both sidevS, we get 

Px^ = X^L Px^ + JQNx^ - ajQAx^ ] (3.9) 

Siibstituting this equation in (3.8), we get 

Xi-PXi = X^L H(I-Q)Nx^ -aH(I-Q)Ax^ ] 

so that M X3_-Px£|i = 1 |X3 _Lh(I-q)NX 3_- aH(I-Q;Ax^] II 

< m.'/Jq + laiMv^B. 

where | l7i.x| i < B for all x £ D. Choosing to be sufficiently 

small, we see that + laiM.^'B < 8 . Thus i (x^'-Px^^l i < 8 . 

Now carrying out the bracket operation on both sides of ( 3 , 9 ) 

0 < (l-X)(Pxj,Px 2 _ ) = X< JQNx^- aOQ/'i>x^/Px^> . 

< XL- 6 H ?x^ 11 ~ a < JQAx^, Px^ > ] . 


we get 
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Now choosing to be sufficiently small, we can ensure that 

“^o - ”®^'o* (l“<^j_ ) < Pxj^, Px^> < ”'^0^0 '^0'^'*^^^'3.icting 

the fact that <Px^,Pxj^> > 0. This contradiction shoves that 

X = ulPx + H(I~Q)M:j + jQNx — C£-H(I-Q)Ax - ujQ/ix ] does not 

have solution with i iPxl 1 = R and j 1x1 I < C for X. s (o,l) 

o — o 

and ict.1 < for small a^. 

Now we show that (3.8) does not have a solution with 

1 |xM = C and ) |Px| | < for all A s (0,1 ) for lat < a 

^ o ^ o 

where is small. Suppose contrary/ then l l x^^ 1 1 < Xj^LllPx^ll 

+ MJf/j + a. B + aM/'B ] or C < R + IA>' J + XJ 

+ cx, L B j. We choose = R^ -i- + .r + 1 and 

1 a^l ( i, B + M-r'B) Then obviously C^> R,. + Ki' J + a j 

+ a( X_^B + for all !OC,i< which is again a contradiction, 

choice ~ 

Thus for a suitable/of a and C , (3,8) does not have a 

o o 

solution on 5-0 for X s (o, 1) and ICJ-i < a . 

_ o 

Finally for any a with |cc.i< a^, either x = Px + H(I~Q)Nx 
+ JQNx - aH(l“Q)i^ix - OJQNx has a solution on 6D in which 
case the theorem is true or it does not have a solution. In 
case X = /\.(Px + H(I-Q)Nx + JQNx - oojQAx -<1 H(I-Q)Ax) does not 
have a solution on 5D for any X e Lo,l], d(l-G^, D, O) is 
constant for all X s LO,l] where = XLPx + H(I-Q)Nx + JQNx 
- aH(l-Q)Ax - aJQAx ]. Obviously d(l-G^,D,0) 9^ 0. So 
(l-G^)x = 0 has a solution in D. This completes the proof. 

Theorem 3 * . (Existence across a point of resonance in case 


of W bounded) 
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Let the general conditions of Theorem 1 be satisfied 
and let -* Y be a coxitinnous and bounded operator. Suppose 

(a) there is a constant such that 1 INxI 1 < for all 

X s S, where S is an open set, (b) there are constants > C 

e > O, 3 > M such that < JQNx,:f> < -Bl ix* | i 

Lor <JQNx, X* >> 0 M>:* I 1 ] for all x £ S, x* e with 
Px - , II x*| I = R^, I I x-x* 1 1 < ^ . Further assume that the 

equation, x = \LPx + H(l-Q}Mx + JQNx - aH(l-Q)iUC -aO'Q;jx ] 
has a solution for some X ^ (0,1) unless either I | Px | | = R^ 
or I I X I I = Cq where is a subsequently chosen suitable constant. 

Then there is a constant > 0 such that for every a 

with |Ct| < oc.^ ^ ti'G equation Lx + aioc = Nx has at least one 

solution X e D(L ) with | | x | i< C^. 

Proof . The proof is similar to that of Theorem 3. 

T heorem 4. (Existence across a point of resonance in case 
of limited growth of N). 

Under the general conditions of Theorem 2 let 

AsX Y be a continuous bounded operator. Let be 

monotonically decreasing non-negative real valued functions 

on L0,oo] with both '?(§) positive for S = R^. 

Suppose (a) I 1 Nx i 1< G^(l 1^11 ) for all x S X (b) < JQNx, x* > < 

- ^^(l I x"^! l) L or <JQNx,x*> > C?^(l |x*| l) ] for all x e X, 

e X . V 7 ith Px = X* , II x*M = R_, 1 i x-x*l I < ^^(l 1 x 1 l) and 
o o - 

further (c) let there be a constant with > R^+(iyb-^ + x)pf(C^ ), 
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M then there is cx^ > 0 such that for every 

real a with |a| < the equation Lx + aAx = Nx has at 

least a solution x e d(L ) vd.th Mx i i < C^. 

Proof . Pirst Me slnoM that 

X = \Lpx +H(l~Q;Nx + JQWx - aH(l-Q)Ax - CCJQAx ] (3.10 ) 

does not have a solution on dD where D = {xs 1 IPx I I ,< R^/ 

Mx I I < 0^ } , Suppose contrary then there is a solution on 6D, 

Suppose X-, is such a solution ^-zith I x, M < C , M Px, II = R^. 

Then Px^^ = xLpx^ + JQNx^ - ajQAx^] (3.11) 

and x^ - Px^ = XL H(I-q)Fx^ - aH(l-Q)Ax^ ]. 



for sufficiently small a . Taking the bracket operation 
on both sides of (3.11) with respect to Pxj_ we have 

0 < (1-X)< Px^,Pxp < xL<JQNx3_/Px^> - a< JQ7 Vx^,Px^> ]. 

< -x[pr^( 1 Ixjl 1)- aiorQ i x* 1 1 ) I IPx^ I l], 

< -x[9r^(R^) - ] < 0. 

for sufficiently small This contradiction shows that 

such a solution cannot exist, Row we consider the other 
possibility of having a solution of (3,10) on 5D with 
I 1 Px I I < R^ and 1 1 X 11 < C . Suppose x, is such a solution. 

Then 

Cq = 1 I X2 1 l< xL I IPX 2 i 1 + 1 1 h(i-Q)Nx2 11+ I IJQNX 2 I 1 

+ lai I I H(I-Q)NX2I I +1°'’! I IJQAX 2 I 1 ] 

< xLRq + (M:^'+<)Gr(CQ) + lai (M^VCCq) (3.12) 



wliere i | Ax n < B for all x e D, Since by hypothesis 
Cq > Rq + v+A,)p'’(C^ ), it is clear that (3.12) is violated 

for sufficiently small a . This contradiction shows that 
X = aLpx + H(l-Q)Nx + JQNx - aH(l-Q)Nx - ajQroc ] does not 
have a solution for K £ LO,l] for small ot. 

Now coming to the final arguments of the proof we 
have either a solution of x = Px + H(I-Q)Nx + JQNx - a.H{l-Q)Ax 
- ccjQAx on 0D and hence the bifurcation equation has a 
solution or it does not have a solution on 6D, In the latter 
case, X = XLPx + H(l-Q)Nx f JQNx - ctH(l--Q)Ax - oJQ/ix ] does 
not have a solution for A & Lo,l], So d(l-G^, D,0) = d(l,D, O) 

= dCl-G^^/D,©) ^ 0 for small CG where G^ = aLPx +H(I-Q)Nx 
+ JQNx - aH(l-Q)Poc - CCJQAX ], Hence (l-G^)x = 0 has a 
solution in D. This completes the proof. 

Theorem 4 * . (Existence across a point or resonance in 
case of limited growth of N), 

Under the general conditions of Theorem 2 let 
A s X y be a continuous bounded operator. Let (?, f 
be monotonically decreasing non-negative real valued functions 
on L 0 , 0 =] with both p'^(^), 'i'(b) positive for t = R^. 

Suppose (a) I I NX 1 I < $?( i ix| ) ) for all x £ S, where S is 

an open set (b ) <C JQNx, x*> < E“^l (ll^* M)] or|[< JQNx, x > ( I I x*l 1 

for all X e S, x* e with Px = x* , 1 ix*l I = R^, 

1 lx-x*l I < 'Pd ix| I ) and further (c) let there be a c^^^ar^ 

catti HAi uBRAiiy 



52 


Cq with Cq > +-\)G^(Cq>i, Mi'pr(l) < 'I<(^). suppose 

also that the equation x = ?^Lpx + H(I-Q)Nx + JQNx - aH(I-Q)Ax 
~ ajQ/oc ] has a solution for some X £ (0,1) unless either 
i IPxM = or i Ixii = C^, then there is a constant 
such that for every real ct, v/ith ict] < the equation 

Lx + CLhx. = Mx has at least a solution x £ D(L ) with Mxl I < C^. 

Proof . I'he proof is similar to Theorem 4» 

As an example for our theory developed, we consider 
the following delay model for single species population groirt.h. . 
In the growth model considered below we utilize two parameters, 
the inherent species growth rate, and the 'magnitudes' of the 
delayed and non-del ayed grovrth rate response to density changes. 
Wc consider the scalar functional equation 

x'(t) = -A^x(t) “ ^2 o ^^■t-s)dh(s) + g(x, ^ 2 ' ^ ^ 

where X, and X^ are reals and •)''”tdh(s)i =1, We will make 
1 o 

specific assumptions about the integrator h(s) and the 
functional g. 

We study the linear problems 
y'(t) = -X^^yCt) - ^2 o ^ 

y' (t) = -X-,y(t) - X^ /°°y(t-s )dh(s )-f ( t ) (IJH) 

j. z Q 

where f(t) £ P(p)/ the Banach space of continuous p-periodic 
functions under the supremum norm llfll^^ = !f(t}J. The 

adjoint to equation (h) is given by 



We sh.o\-7 that the adjoint indeed takes this form. We show 
that < L:x, 2 > = <x,L z > where the operator equation for L 

and L * are given respectively by 

CO 

y' ( t) = -/\^y(t) - '^2 o y^'t-s)dh(s) (H) 

z' (t) = A^2(t) + 1 dh(s) 2 (fc+s) (a) 

^ o 

Defi ne* 

oo 

Ax =x^(t) t k^xCt) + J' x(t-s)dh(s), 
i ^ o 

We want to solve < Ax, z>-<x, G> = 0 for G. Or, 

{z*(t)x'(t) + A-,s*(t)x(t) t k-.z^Ct)/ x(t-s)dh(s)- 
O ^ o 

G*(t}x(t) } dt = 0 (3.13 ) 

OO ••►co 

since ^ x(t--s)dh(s) =S x(u)d^h(t-u) 

ti 

- ! x( s )d h( t-s ), 

•••CO ^ 

We obtain 

z* (t )x' ( t ) + k-,z*(t)x(t) 4 A-,z*(t)'^ x(s)d hCt-s) 

O Jl z s 

- G"^(t)x(t) i dt = 0 { 3 . 14 ; 

Since h(s) is assumed to be of bounded variation defined 

on a suitable set and x(s) ^ P(p)# the Banach space of 

p-periodic functions, we have 


x(s)d„h(t-s) = 

CO s 

, t t-p t-(n-l)p . 

[ / 4/ 4.,«+-( 

t-p t-2p t-np 

= x(s)d S h(t-s) 4 h(t-s4p) 

t-p 

= x( s )dH(t“S ), 


(x( s )dgh(t-s ) ) 

4 h(t-S42p)4, .. 


! 
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where cui(t-s) - d E h(t-s) + h(t-s+p) + h( t-s+2p , 

= /^x(s) dH‘*(t-s,t). 

o 

Here v/e assttme that H exists and is a function of bounded 
variation for eech t. We can change toe domain of integration 
of the double integral (see L 38 ] ) 

(t) J x( s )d h(t-s )dt = /^/^z^Ct) Ld H*(t-s, t )]x( s )dt, 
o ~oo s o o s 

Using an unsymmerric Fubini type theorem due to 

Cameron and Martin (see L 4 ] ) we may interchange the 

order of integration to obtain 

F z* ( t ) Ld H* ( t+s ) Jx( s )dt = d ( /^ z*(t)H’*'(t-S/ t)dt)x(s}. 

o o “ ^ o 

Substitution of this integral into (3.14) implies 

/^z*(s)x'(s) + h, z*(s)x(s) + X^d L l^z* (t )h* (t-s )dt]x( s ) 

G *( s )x' ( s ) } ds = 0, 

We now integrate the last three terms by parts 
and use the fact that x i.e. {x L 2 Lo,pJ s x(0) = x(p} = O } 

to obtain 

J‘^L 2 ;*(s) -/\.t z*(t)dt “X^ z*(t)H (t-s)dt + 
o' o ^ o 

+ / G*(t )dt]x' ( s )ds = 0. 
o 

The fundamental lemma of calculus of variation yields 

(since H is dense in L 2 [Qp])« 

2 *(s}_\ / ^ z ■*(t )dt-X^ *Ct )H (t-s,t)dt +/®G*(t)dt = a . 

-L Q ^ o . o 

Hence G*(s) = - z *( s )-X 2 _''o z*(t)dt-X 2 ^ *(t)H (t— s,t)at] 
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or assxming differentiability of 2 *(s), 

G ( s ) = A*( z(s)) = -z'(s) t 2(s) + d H*( t-S/ 1 )z( t )dt 

-L 4^1 O S 

Hence the adjoint equation is given oy 

p 

2 *(s) = /Vj^zCs) + ^2 o t-S/ 1 )zC t )dt 

CO 

= ^-jzCsJ + S d h( s ) 2 ( t+s jdt 

which is what was to be proved. 

We have the following lemma. 

Lemma 1. (Fredholm's alternative). 


( a ) 


(b) 


(c) 


Proof. 


Let Xj^,\ 2 ,p be fixed reals with p > 0, 

The homogeneous problem (h) possesses at most a 
finite niomber k > 0 of linearly independent non-trivial 
p-periodic solutionsyj_(t) e P(p). The adjoint equation 
(a) possesses exactly the same number of solutions 


If k = 0/ then the non-homogeneous equation (NH) 
possesses a unique solution y(t) £ P(p) for every 
f(t) e P(p). 

If k > 0 then (NH) has a solution y(t) £ P(p) if 

and only if f(t) s where P^Cp) =( f ® PCp) - 

(f, z. ) = p~^ J'^f(t)z. (t )dt = 0 1 i i < k for ‘all 

1 o ^ 

solutions z^ of the adjoint equation (a)} . 

(a) If the complex Fourier series 

y(t) = S ' 


n=r-co 


"n 


= a.^,n> 


0 


(3.15 ) 
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is substituted into the homogeneous ^ ^ 

^ ^uation (H) and coefficients 

of 11X0 tenns ere equated, we obtain equations 

<Xj_+\ 2 C^(p) + i(2iinp =0;n>0 (3.16) 

n n — 

where C^(p) =/ cos2nTi:p^^ ^ 

S (p) = sin 2n-n:o dh(g n 

NOW and ^2 are fixed reals and 
bounded independently of n, hence 

l (\^+\2 C^(p)+i ( 2 TCnp"^-X 2 Sn^^^^^ * - oo as n - «>. 

Hence there exists an n^ such that b n>. implies 

l(?v^4-/v2Cj^(p) + i(2Tcnp'’^-X2Sn^P^ > 0 

in which case the corresponding ^ zero. Since 

corresponding to each we have tWo linearly independent 

solutions namely/ cos 27^0 t an sij^ 2Tcnp ^t there are 
only finitely many non-trivial P P®Plo(3ic solutions of the 


homogeneous equation. 

If the Fourier serie^^^^ "t j_g substituted 

into the adjoint equation (A) system of equations 

(X3^+A2Cn(pi-i( 2TTnp~^-A2^n^P^^)a^ = 0 (3.17) 

where the coefficients of are 3tst conjugate transpose 
of that of the coefficients fob the homogeneous equation. 


Hence whenever 



(c) Let N = { n : | A^+X 2 C^(p )-H(2n;np'~^-X.2Sj^(p ) ) I = O } 

This port follows straight forwardly from the fact that (3.18) 
has a solution a for n e N if and only if f a„ = 0 for 
all solution n s N of the adjoint system (3.17) and 

that in this case/ there is a unique solution orthogonal 
to the solution space of (3.16) which satisfies n I ct^l S ^ Ifj^l 
n e N. We deduce the absolute continuity in the same way as 
in (b). 

This proves the lemma. 

We are interested in those values of for which 
the homogeneous equation (H) and therefore the adjoint 
equation (a) possess exactly two linearly independent non- 
trivial p-periodic solutions. 

Coming back to equation (3.16) 

(Xl+\ 2 Cn(F^ + i(2ixhp ^-X 2 S^(p ) ) )ctj^ = 0 ^ n> 0. 

Since non— trivial solutions are obtained if and only if at 
least one coefficient f 0, since each non-zero coefficient 
for n > 0 yields two linearly independent solutions 
(namely, sin 2nTtp“^t/ cos 2n7tp“^t) and since p is assumed 
minimal /We see that ( H)has exactly tv70 independent p-perxodic 
solutions sin 2 tt p'^t and cos 2TtP ^t if and only if, 

+ ^2 ^ ° (n = 0) 

\l + X 2 S^(p) = 2 ti;P (n = 1) 

+ A 2 C^(p)?^ 0/ X 2 S^(p) Sfnp (n> 2) 
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We also have 

l(.^l+?^2^p^P -^2Sn(p))^l> 0 

and so the corresponding are zero and the number of 

linearly independent solutions are the same. 

(b; If f(t) = -S f P is substituted into the 

ra=r-oo 

nonhomogenoous equation (tffl)/ v;e obtain, 

(.\^+XpC^(p )+i( 2nnp“l ^ ^ ^ " “^n' - ^ (3.18) 

which is to be solved for d^. If k = 0 i.e, the homogeneous 

equation possesses only the trivial solution y f 0/ then 

by the proof of (a) above, each coefficient is invertible 

and hence (3.18) may be uniquely solved for o^. Thus the 

Fourier scries (3.15) will define a real valued solution 

V s P(p) for these unique provided we can show that the 

series defines an absolut ly continuous runction. 

It is clear, since C^(p) and S^(p) bounded 

indepCiidently of n, that 

I d I < k £ and n Id 1 < k If I for n 0 
o _ o t 

for some constant k independently of n. Thus 

oo 92 2 

S la r n^ < k^ I If I = k 1 If 1 I 2 < + ~ • 
n=-co ’ n=-=° 

where I Ifil 2 is the norm of f e P(p) on Lo,p]. The 
RlGsz-Fischer theorem implies that ytt) defined by (3.15) 
lies in while the above estimate shows that y(t) is 


absolutely continuous 
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(c) Let N _ {n • ^ ' ~ ° ^ 

This port follov/s straight forwardly from the fact that (3.18) 

has a solution a for n e N if and only if f a =0 for 

all solution n s n of the adjoint system (3.17) and 

that in this case/ there is a unique solution orthogonal 

to the solution space of (3,16) which satisfies n I cc l < If | 

n n 

n e N, We deduce the absolute continuity in the same way as 
in (b). 

This proves the lemma. 

We are interested in those values of for which 
the homogeneous equation (h) and therefore the adjoint 
equation (A) possess exactly two linearly independent non- 
trivial p-periodic solutions. 

Coming back to equation (3.16) 

( A^+?v. 2 Cn(p ^ + i(27tnp’'^-X2S^(p ) ) )a^ = 0 ; n> 0. 

Since non-trivial solutions are obtained if and only if at 

least one coefficient a ^ 0/ since each non-zero coefficient 

n ' 

for n > 0 yields two linearly independent solutions 
(namely/ sin 2nTi:p~^t/ cos 2n'jT;p'”^t) and since p is assumed 
minimal /We see that (H)has exactly tvro independent p-periodic 
solutions sin 2 tx p”^t and cos 2-n;p”"^t if and only if, 

+ ^2 ^0 ( n = 0 j 

X^ + \ 2 Cj_(p)= 0/ A. 2 Sj^(p) = 2-n;p”^ (n = l) 

H ^ 27 inp"^ (n> 2) 
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The second pair oi equations yield the values of 
and ^2 '^rhich we are interested. In fact = 

-2 7t C^(p}/pS^(p^, ^2 "" 2t/pS^(p). For these values of X, 

and sin 2 tc p t and cos 2 -rep ^t are also solution to the 

adjoint equations. We are now in a position, thanks to 
Fredholm s alternative, to define projection operators P and Q. 

Let X = Y = L Lo,p], Let us chink of L°°[o,p] as 
contained in L 2 L 0 ,p]. 


Let -RCP) = P(X) = X^, KerP = Q(l-P)X = X^ 

R(Q} = Q(Y) = Yq, KerQ = R(I-Q) = (l-Q)Y = Y^. 

Let Wj_ = = sin 2np~^t , W 2 = 0^2 = 2 7ip“^t. 

We define projection operators* 

2 2 p 

Px = S c a = s (x,Qr )pr (x,a, ) = / x(t)pf, (t)dt. 

i=l ^ ^ i=l ^ ^ ^ 

2 2 p 

Qy = E d.w. = S (y,w. )w., (y,v7. ) = / y(t}w. (t)dt. 

i^l 1 1 i^l 1 X 10 1 

Then P and Q are the same orthogonal projections 

and dim X^ = dim Y^ = 2 . 

In what follows we designate by L and L respectively* 
the linear operators 

Lx = x'(t) + X^x(t;) + A 2 •(‘q x(t-s)dh(s). 

and if 2 = z'Ct) - X^zCt) - ^ 2^0 dh(s)z(t+s). 

^IdCl)'"' N(L)’^'^ F(L) is a 1-1 closed linear operator (being 
the sum of a closed linear operator and a bounded linear ■ 
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operator defined on the whole space) and having the same 
range as L where denotes the restriction of 

X 

L to D(L ) • n(l) . Let H denote the inverse of the operator 

H = I ji- 1 By the closed graph theorem, H is 

a one-one continuous linear operator 

D(H} = R(L) R(il) = D(L) {\ N(L)'^ 

Moreover, 

LHy = y for all y e R(L ) 

2 ■ 

HLx = X - L (x,pf. )QS. t X e D(L). 
i=l ^ ^ 

The operators P and Q have the following properties 

(i) P and Q are continuous linear operators defined on 

2 

the whole of L“Lo,p] 'j;. L Lo,p] 

(ii) R(P) = , R(Q) = <w^,W2> . 

(iii) P'^' = P and = Q. 

(iv) The range of (l-Q) is a siabset of R(L ) and HCi-Q) 
is a continuous linear operator defined on all of 
L~Lo,p]. 

The proof of the first three statements are easy to 
see and the fourth follows from the fact R(Q) = N(L ) . 

Also H(l“Qj is continuous linear operator because I-Q is bounded 
and H is continuous by the closed graph theorem. We now have 
the following. 

Lemma 2 . 


(i) 


H(I-Q)Lx = (I-P)x V X e D(L). 
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(ii) LH(I-Q)x = (I-Q)x V X e X = Y = l“Lo,p]. 

(iii) LPx = QLx VxS D(L) 

Proof . (i) Let x £ D(L ) 

2 

(I’-Q)Lx = Lx - S (Lx/W. jw. 

i=l 1 1 

• ^ * 

^ Lx ~ S ( X/ L w . }w . 
i=l 

= Lx since L*w^ = 0, w^s N(L* ), i = 1,2. 
Hence H(I-Q)Lx = HLx 

2 

= X - S (x,C2f. )Gr. 
i=l ' ^ ^ 

= Ci-p;x 


(ii) Since (l— Q)x e R(L ) for all x£ L LO/p] it follows 
that LH(I-Q)x = (l-Q)x. 

(iii) Let X e D(L). Then 
2 

Px = S (x, pc. )pc 
i=l ^ ^ 

2 

Therefore LPx - S (x, pc. )Lpc. = 0 since (pCwO^., ) e H(L), 

i=l ^ ^ ^ ^ 

2 

Also QLx = S (Lx,w. )w. , 
i=l ^ ^ 


= S (x,L w. )w. = 0 since w. £ N(L ), 
i=l . ^ 

Hence LPx = QLx, 


This proves the lemma 
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Let now M, be the norms of H, P, (l-P}iQ 

and (I-Q) in the uniform topologies of X and Y, For every 

2 

X* e X , we have x* = S c.w. or briefly x* = cw^c = <c-,#c^>e 
2 

R and there are constants 0 < y' < y < °° such that 

y' 1 c I < 1 I cw I 1 < r lo| for all x* = cw s X^ and where 1 . i 

denotes the Euclidean norm in Let = minLl/'/]. Also 

there is a constant h > 0 such that for every y e Y and 

d =<y,w> or d = <d^/ d 2 > ^ R^/ d^ = <y/W^> , i = 1,2 we 

have Idl < Mllyl I. For x *s X^, x*(t) = c^Wj^+C 2 W 2 with 

2 2 

c = <c^/C 2 > we take b = c/1 cl or b = <b 2 ^,b 2 > , b^+b 2 =1, 
b^ = c^/icl i = 1,2 and v(t) = b^w^ + ^2^^2' = lclv(t), 

t e [o,p]. 

For any number o ^ 0 let ^ denote the set of all 

points tec where lv(t)l< o . It is easy to see that for 
some constant P > 0, p lv(t) I dt > P for all functions 

v(t) = ^2.^X"*’^2^2 ~ Indeed, since w^^ = sin 2 tcp t 

and W 2 = cos 2 up ^t and b^+b^ = 1» taking b^^ = cosQ , 10 ^= sin6, 
our integral becomes 

p"^ I sin(2 % p”^t+0 ) 1 dt = ^ > 0, 

Let 7]^, e be positive constants with PTI^X e y^ and 
take Nx = g(x, k 2 ^,\ 2 ^' x X = ^ Lo,p]. 

For the function g(s,k2_'^2^ consider the monotonic 
nondecreasing function /(?)# O < t< + °°* defined by 

/( I ) = supL I g( S, ^J_/X 2 ) I / I si < ?, ^1*^2 ® ^ 
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Furthermore we assume that 

(a) there is a constant > 0 such that g( s, A.j _/ ^2 ^ ”'^1 

for s > and g(s,h^,\ 2 ^ > '’^1 s < -R^, 

Let K be a positive constant. We have the following lemma. 

Lemma 3 « For P = Q the same orthogonal projection, under 
hypothesis on g(x,X^,X 2 ^ and for there is 

a constant R^ > Rq+K such that < 0Nx,x*> < - 6| I x’**'! for 
all X e X, X* S with Px = x*, ( lx* | j > R^^, 1 |x-x*i | < K, 

Proof . For Nx = g(x/?\.^,\ 2 ^» 

2 p 

QNx = S w. (t ) / g(x( a). A., / Jw. (cc )da . 

2 ^ X ^ X X 

2 

<QNx, x*>= p ^ S c . g(x(a}, A-, , )w. (a )da . 

O X Z -i- 

= p ^ g(x, A-, , A^ )x*( t )dt. 
o X ^ 

Let A > 0 be a constant such that P'n^-2A > bet R^ be 

any number such that 

R^ > maxLA“^7Q(RQ+K)Qr(RQ+2K),A“^r^7)^CRQ+K) ]. 

Let us assume I ! x*l I > Ri and I lx-x*| I < K, Let 

CO — X w — 

a = (R^-rK) Id We now have 

X* = ic Iv, Id < 1 lx* 1 loo = I lew Moo < Ic 1. 
^QNx,x*> = ic I Lp ^ g(x( t ), A, , A^ }v( t )dt 

Db(P)' 

+ / g(x(t), A^,A 2 )v(t)dt ]. 

Lo,p]-%(a) 

For t e Bj^Ca) we have iv(t)l< o = (r^+k) Ic 1 , 
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hence lx*(t)l = lcllv(t)i < R^+K. Hence 
lx(t)l = |x*(t; + (x(t; - x*(t))l 

< lx^t)l + I lx-x*l I.-, < R^-i-K+K = Rq+ 2K 
and lg(x, ?v^A 2 )‘ <Qf(RQ+2K). Hence 

p ^ ; g(x, Aw.\, )v(t Mt < p”~ ID, ( 0)1 (2f(R + 2 K)h 
D^(a) 12 - b ' o 

< (2r(R^+2K}(R^+K) Id”! 

< Qr(R +2K)(R^+K) V R"1 < X. 

Thus for t s LO/pJ-Dj^Cd) , either x*(t) > 
and x(t) = X (t)-(x*(t )-x(t ) 3 > x* (t )- 1 Ix-x* I 

> R^+K-K = R^ 

and then g(x, X 2 ^/X 2 ) < ; or x*(t) < -R^-K^ and 

x(t) = x*( t )-(x*( t )-x(t ) ) 

< x*(t) +11 x-x* i Ico 1 -Rq-K+K = -R^ 

and then g(x,X^/X 2 ^ > In any case# g(x, ^2 

< -'n^lv'(t}l for all t £ [o,p]-Dj^( G ). Thus# 

p"*! ; g(x,X^#X 2 )v(t)dt 

Lo#p]~D^(a) 

"1 

- lo T -n C njv(t)ldt 

Lo,pJ-Dj^( a) X 

= -p“l f^T}^ lv(t)|dt + p”! ^ T] |v(t)|dt 

° 1 D^ia) 1 

< r)^p + p'l iD^(d) ir}^ < -r)2_P + 77^(RQ+K)lcrl 

< _T)^p + R^(R^+K} I cl 
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< -v.P + T] (R +K) 

i 1 o o 1 

Finally, <QNx,x*> < Id = - Id Lpnj^-2A.3 

< -r^^(pr|^-2\)l lx*l loo 

1 -ei IX* 1 1^ . 

This proves the lemma. 

If we define J s R(Q} R(P) as the identity operator, 

then the requirement <JQNx, 0 becomes <QNx, 3<*> < 0, 

In view of the lemma above, which proves something stronger, 
we are assured of the existence of a solution to (N) under 
the stipulated growth condition on the functional g(x, A .2 
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j x(t-l ) if (t-1 ) e [o,2 ir] 
x(t-l) =< 

I x(2 7tf-t-l ) if t-1 < 0 

We have f (t»x(t ),x(t-l ) ) = - 1x1 ^'^^arctanxCt )-k^arctanx(t-l ), 
Choose now a constant > 0 and denote by the set S S cLo,2Tr] 
all functions x(t) such that |x(t)-x(t+6) 1 ^ whenever 
|0 1 <1, In this set S for suitable R^,x(t) i x(t-l) > 0 

and x(t} < -Rq => x(t-lj < 0, Then 

I < 0 for x(t) 2 R^. 

f (t, x(t ),x(t-l ) ) < 

• > 0 for x{t) ^ -R^« 

L” ° 

Also if we define ©'(S) = supL 1 h(t )+f ( t, s^/ S 2 ) I t s Lo, 2 ti], 
max ( 1 1 / 1 S 2 I ) < §] # then 21^ -* 0 as f - <» . 

Consider now the functional differential equation 

x"+ ax^sint+arctanx(t )+]:Qarctanx(t-l ) = sint + 7)sin t, 

where a is a content and a small positive constant. This 
can be formulated in the more abstract form Lx+ cxAx = Nx 
where L is as above, the differential operator x' ' with 
the boundary conditions x(0) = x(27r), x*(0) = x'(2n), 

A : cLo,2tt] -» cLo, 27r] is a continuous operator given by 
(Ax)(t) = g(t,x(t)), g(t,x) = X sint. {Nx)(t) = h(t } 4 -f (t,x(t ), 
x^(t— 1)) where h(tJ = sint + 'Hsin^t and f(t,x(t),x (t-1)) = 
-arctanx(t)-kQarctanx(t-l). Here g(t,x) is a continuous 
function and h(t) satisfies < V, In our set 

S, we can see that there exists an and an R^ such that 
f(t,x{t),x(t-l)) < -'Ht for x(t) ^ and f(t,x(t),1f (t-1) > n. 
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for x(t) < Also if we define ^ ) = supL 1 h( t )+f ( t, S 2 ) i; 

t e LO, 2n], max( |s^i , IS 2 I ) < I ], then - 0 as I -*«> . 

As in the previous chapter we can convert the problem 
of establishing a solution of the abstract operator equation 
in S into an equivalent fixed point problem for the operator T 
given by 

Tx = Px + H(l-Q}Nx + JQNx (4.1) 

where J.R(Q) -♦ R(P) is an isomorphism. Assume for the time 
being that the operator T is compact. We prove this fact in 
a lemma at the end of the chapter. 

Let La^b] be a closed and bounded interval on the real 

line, X = y = cLa/b], Let S denote the open set of all functions 

R 

belonging to CLa,bJ such that |x(t)-x(t+6)| < ~ whenever 

10 1 < t < b~a. Let<y, x> denote the linear operation 

(b~a) ^ y( t )x(t )dt defined for all x e X and y s Y and 
a 

satisfying i<y/X>| _< 1 1^! lYll^ » where | |. l 1 ^ denotes the 

norm in L La/b], 

Let h(t)/ t £ La/b] be any element of Y = cLa/b] and 
let f(t/X/y) be any continuous function defined on La,b]xSxS. 

Let Nx be the operator defined by 

(Nx)(t) = h(t) + f (t/x(t),x(t-t)) ( 4 . 2 ) 

Here we note that x(t«-'i^) may not be defined for all 
t 8 La,b] where t is a positive constant less than b-a. Hence 
we extend the function periodically by 
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|x(t-x) if t.-'C & [a,b] 

X ( t-T ) = 

|x(b-a+t-'r) if t-'Tf < a. 

It is clear that N:S -► Y, 

Let P and Q denote projection operators on X and Y 
defined by 

Px = (b-a)~^ /^x(t)dt Qy = (b-a)"^ ;^y(t)dt (4.3) 
a a 

Let R(P) = R(Q) and JsR(Q) -♦ R(P) be the identity operator. 
Then the condition < JQNx, x*^> < 0 (or >0) becomes 
< QNx,x*> < O (or >0). Let I 1H| | = M, =| |P| =1 |I-Pl 1/ 

;= I iQl 1/ 7 * =1 ll-Q| 1 • We shall assume that 

(?I )/ h(t}dt = 0 

^ o 

(F^) f (t,x(t )/x(t-i) ) |"< 0 for x(t) > R^ 

"^>0 for x(t) < “Rq» 

Let k > 0 be any constant and choose R > 

Lemma 1 . For P, Q defined by (4.3) and under hypotheses 
(Ho)/(Fo) we have <QNX/X*> < 0 for all x e X, x* e X^ with 
Px = X* , I I x1 I ^ = R, i I x-x* I 1^1 K. 

Proof, Indeed, x*= Px = (b-a) ^ / x(t)dt = c 

a 

QNx = (b-a)”^ Lh(t )+f (t,x(t ),x(t-t )3<5t = d . 

a 

c, d are real numbers and hence <QNx, x*> = cd. 

For 1 ix*i I =R^ i.e« ic I = R we have either c = R 
and then x(t) = c-(c-x(t)) > c-1 lx-x*| > R-k > R^ or c = 
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and then xCt) = c-(c-x(u))< c+ I lx-x*|,|„< -R+h < -r^. 
Correspondingly, in onr set S we have f(t,x(t),x<t-t ) ) < o, 
d < 0 in the first case or f(t,x(t ),x(t-t) ) > o, d 2 O in 
the second case and again cd <0. Q.E.D. 

Let positive -constants with ^ S • 

us assume that 

(H) /^h(t)dt < 

a 

(f^) f(t, x(t),x(t“t )) > for x(t;< -R^. 

< -T) for x(t ) > R , 

~ 1 _ o 

Let k > 0 be any constant and take R^^ > R^+k, 

Lemma 2 * For P and Q defined by (4.3), under hypothesis 

(F^),(H) and if ^ then <QNx, x*> < -eipcj 

for all X e X, 3 ^ e with Px = x *, | |x * | |^ = R, | | x-j^ I I ^ < k. 

Proof. As before = Px = (b-a)”"^/ x(t)dt = c ; 

QNx = (b-a) Lh(t )-ff (t,x(t ),x{t~t ) )] = d , < QNx, x* > = cd 

a o 

and for c = R > R^+k, we have x(t) > R^ and f (t,x(t),x(t-t ) 

< -T), / d < -T) +71 < -eq;cd<-e|ci=-e||x*ii, 

— -*-2* 00 

Analogously, for c = -R < -R^-k, we have x(t) < -R^/ 
f (t,x(t),x(t-t ) > 71^, d> > s , cd < -eicl = -£) I x^ I 1^ . 

Again let S cLa,b], Y = cLa,b], = PS, Y^ = QY with 
1 < m = dim S^< +00 , Here we note that since S is merely 
an open set, need not be a linear manifold. Let us think 

of S and Y as contained in L^La,b] and let us assume that 
there exists a basis w = (v/^# for and made up 
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of elements that are orthonormal in L^La/b], For P,Q 
the samo orthogonal projections, then 


in 

Px = S c.w, 


b 


i=l 


m 


1 1 


Qy = S d.w. 


i=l 

r* 


i 1 


c. = ; x(t)vn (t)dt i = 1, . ,m X s S 

a ^ 

(4.4) 

di y(t)w. (t)dt i = 1, ..m ysY. 


For X e X (t) = ^ === ^ 


take 


G 

c ! 


or t = ( 1 :j= 1 , = 


v(t) = 2 ^w^+...+ x*(t) = Ic! v(t)/ and r* are two 


constants such that lcl< 


o 

I Icwl 


o 

r^' Id 


For any number 0 , let 

D( O’ ) = {t £ La,b] ; lv(t)l ^ ^ i 


(4.5) 


We assume the following 

*1 Id 

(p*) There is a constant P > 0 such that (b-a)” J |v(t)! dt > 

a *• 

P for all functions v(t) = Lwt+...+ / w with i ' j = 1. 

IX ill ITl 

This condition is usually satisfied in applications with smooth 
functions. 

Id 

(H* ) (b-a) h(t)v(t)dtl < for all v(t) = Lw^+, .( w 

“2 i ± m m 

with |/j=: 1 where (^^,..., ^'^)« 

For the function f(t, St/S„) continuous on La,b]xSxS we 

-L 2 

consider the monotonic non-decroasing function ^{t),0 < § <+ oo 
defined by 


G^(U = 

nil 


sup I 


If (t, Sj^r 


) I ; max( I s^ I , Is^ I ) 1 
Further we assme that 


|] 


such that 


0 as ^ + 0 ° 
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) There is a constant > 0 such that 

f'" 

f < -'H-, for St > R 

i 1 1 -- o 

f* 

I > for St < -R . 

I -L -L *"* O 

t 

Lemma 3 ; For ? = Q the orthogonal projections defined 
by under hypothesis (p* ), (H*), (F*) and for ^ ® "^o^ 

there exists a constant R > R_+h such that < QNx,x*><-S| ix*i i 
for all X e s, x* e with Px = x"*^,! 1 j? 1 1 ^ = R, i ix~x*l |^< k. 

Proof , For Nx = h(t) -f f (t,x(t )/*x(t-'i: ) ), 

m 

QNx = E v; (t) Lh(a) + f( a ,x(a},x(a -T)]da 
i=l a 

- m 

< QNx, 3?> = (b-a) E c. I Lh(a) + f (a,x(a)/x(a-x )]da 

i=l ^ a 

= (b-a) ^ [h(t )+f (t,x(t),^(t-x) j]x*{t)dt 
a 

Let A > 0 be a constant such that PV-, -'H -2X >67, Let R 

±2 - o 

be any number such that 

R > max[A”^r^(R^+k)a(2R+k), A“^r^'n^(R^+k)]. 

Let us assume 1 lx*! I = R and i i x-x*! | < K. Let a= (R +k)l c| 

OO CXD — ^ 

We now have, x* = Iciv, 7^1 c 1 £ I I I loo= I 1 tw 1 1^ < 7^1 c 1 

< QNx,j^> «= 'c I L(b-a}~^ h(t)v(t}dt 

a 

+ (b-a)"^ f (t,x(t ),x(t-x ) )v(t)dt 

D(a) 

+ (b-a)”^ / f (t,x(t ),x(t-x )v(t )dt 

[a,b ] —0(0) 

For t e D(a), IvCt) i < a = (R^+k ) ic l~^, IsfCt ) 1 = Ic I lv(t) I ^ 
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Hence |x(t)i = I x*( t )+x(t j-x*(t ) | < ix*(t) 1 + j I x-x* j I < 

Similarly/ lx(t-t)i < 2R+k and 1 f (t/x(t )/x(t-'T ) ) l <$2r(2R+k). 

Hence (b-a) ^ / f (t,x(t )/x(t-t )v(t )dt < (b~a)"‘^l D(a 3 iG^C^R+k) CJ 
D(a) " ' ' 

< pr(2R+k)(RQ+k) |cr^< Gr(2R+k)(R^+k)r^(R}''^ < k. 

For t e La,b]~D(a)» either x^Ct) > R +k and 

— o 

x(t} = x*(t }-(x*(t}-x(t) ) > x*(t )- I Ix-xl I > R +k-k = R 
and then f (t/x(t ),x(t-t ) ) < 

or x'*‘(t) < -Rq"^ and x(t) = x'*^(t3~(x*(t)-x(t)) <x*(t)+i |x-x* 

“ -RQ-k+k = R^and then f(t/x(t ),x(t-c ) ) > 

In any case we have f (t, x(t)/x( t-i ) )v(t ) < “<7^ |v(t) I for all 

t e [a/b]-D(a). Thus (b-a)*"^ I f (t/x(t )/x(t-i])v(t )dt 

La/bJ-D(a) 

< -(b-a)"^ ^ 77 1 v(t) I dt = 

[a,b]-D( ) 

= _(b-a)“^ 7) |v(t ) Idt + (b-a)”^ ^ 7) lv(t}l 4t 

a ^ D(ar 

< _7)^P + (b-a)“^ ID( a) I Ti^a < -7)j_P+77j^(R^+k) I c 

< -r7j^P+77^(R^+k)rQ(R)"^ < k-P7l^. 

Finally < QNx/X*> < ic i [77^+k+k-P7)^] = ~ I c I [P77^“7)^“2k 3 

< -7“^(P'n,-77 -2k) I lx*i I < -S|tx*|| oo- 

- o 1 2 oo - 

The same results hold good if we define 

D(a) = {t e [a,b]; iv(t+x)i < a } and replace condition 
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(I^ ) by 

(F**) 1 

f(t, SwS ) { 

i 

Only in this case we replace the integral 

(b-a) ^ ^ f ( t, x( t ),x( t-t ) )v(t)dt 

D( a) 

by (b-a) ^ / f(e+ t, x(0+ t ), x( 0) )v(e }d0 . 

D(CJ)-T 

We formulate the following theorem. 

Theorem 1. Let S denote the set of all functions x{t) ^ c[a/b] 

R 

such that |x(t)-x(t+@) i ^ v/henever 10| < t < b-a, 

X = Y = CLa,b]. Let P,Q be the operators defined by (4,3 ), 

Let L,H be the linear operators satisfying the properties (i ), 

(ii},(iii) of section 2 of chapter 3 with X^ = PX = Ker L 

nontrivial and finite dimensional and H linear, bounded and 

compact and let f(t, s. /S ) be a real valued continuous function 

^ . b 

on La,b]xSxS. Let h(t) be an element of cLa,bJ with / h(t)dt=0. 

3 . 

Assume that there exists a constant > 0 such that f(t, s^^/S^ ) 

< O for s^ > Rq and f(t,S 3 _,S 2 ) > 0 for s^ < -R^. Assxame that 

sup, ih,(t)+f(t,x(t),x(t-T))| < j . M < Rq/ 4 and assume 

tela,bj 

further that a basis (wj^/ • • • / exists for S^, Then the 
equation (Lx)(t) = h(t )+f (t,x(t )#x(t— ) ),0 < x < b-a, 
t e [a,b] has at least a solution x e'D(L)’t: c[a,b]. 

Lemma : Let I iNxl I < and M < R^/4. Then for 1 1 Px ! 1 

< R and ||x|l < c, there is no solution of x=Px4-H( I-Q )Nx+JQNx 

for which lx(t )-x(t4-0) I = ~ for l6l < < b-a. 


-hn for s„ > R 
1 2 o 


r^i for S 2 < -R^. 



74 


Proof. Let x(t; = (Px)(t;+(H(l-Q}Nx)(t)+( JQNx)(t) 

x(t+e) = (Px)(t+e)+(H(i-Q)Nx)(t+e)+( jQNx)(t+e) 

Hence I x(t)-x(t+0) I = I (H(l-Q)Nx)(t;-(H(l-Q)Nx)(t+e) | 

< M H I I i |I-Q 1 1 ( 1 Nx )(t)l + l(Nx)(t+6)l} 

< 2M ' J 

"" •« o 

or Rq/2 < Pq/ 2 which is a contradiction. Hence the 
lernma follows. U.E.D, 

Proof of Theorem 1 . Theorem 1 now follows from the above 
mentioned lemma and Theorem 1 of Chapter 3. 

To complete the result however we have to show that 
the operator T is compact. This we do in the form of a lemma 
below. 

Lemma . The operator T defined by Tx = Px+H(l-Q )Nx+JQNx is 
compact. 

Proof . P and Q are finite dimensional and J is a one-one 
isomorphism from R(P) -* R(Q). Hence P and JQN are compact. 
Hence it is sufficient to show that H is compact. Let 
be a bounded sequence and x^ = Hy^ ' ^ I ^n * 'oo^ ^1 
H,R(L) - D(L) ;'j (KerLr^ , Since x^ - D(L ), they are once 
continuously differentiable and bounded because H as a linear 

operator is bounded 

b 

X = Hy = / k(t, s}y(s)ds 
3 . 

y(s)as 
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b 


X 


/ db("/s) 


a at 
b 


y( s ) ds 


•'a at 

^ f ak(t, s ) ^2 . . .1/2 ,.t , , ^ .2 , sl/2 
bu rrr — ) ds j ' is y(sJ ds) ' 

a 3t ^ ^ 




Now by the uniform boundedness for and the uniform 

boundedness for x^, that is equi continuity for x^, we have 

by Arzela Ascoli theorem, the existence of a subsequence 

X such that x -♦ x uniformly inCLa,b]. Hence H is compact. 

k 

Q.E.D. 


Examples . The following equations have 2n -periodic solutions. 

(a) x' ' (t )+arctanx(t )+karctanx(t~l ) = sint ; k is an 
arbitrary small constant, 

(b) x' ' (t )+arctanx(t) +Karctanx(t-1 )+sinx(t)='nj^sint + 7 ) 2 cost. 
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